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ABSTRACT 

Droplet electrophoresis is one of the most commonly used methods for measuring the charge at two-liquid interfaces. However, 
there is still a lack of analytical solutions that consider the ion concentration polarization mechanism with asymmetric ion 
distribution under high surface charge. Based on the thin electric double layer assumption, we construct the asymptotic form 

of the macroscopic model of dielectric droplet electrophoresis and establish the coarse-grained effective interface condition across 
the diffuse layer regions through the heuristic treatment extending the method of matched asymptotic expansion, revealing the 
coupling mechanism between ion concentration polarization and permittivity-induced inhomogeneous charging. An analytical 
solution under the weak-external-field limit is provided, demonstrating a nonmonotonic dependence of electrophoretic mobility 
on the 𝜁 potential under weak external electric fields. By integrating previous experimental results on droplet electrophoresis, a 
concise and physically meaningful quantitative model of the charging mechanism for general nonpolar oil is established. 
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 Introduction 

roplet electrophoresis is one of the most popular approach
o measure the liquid–liquid interface charge, while the theo-
etical interpretation of its electrophoretic mobility still shows
imitations [ 1, 2 ], in respect of physical and methodological
spects. 

n the one hand, most of previous experimental works make the
ssumption of the so-called droplet solidification , which refers to
he similar behaviors of droplet electrophoresis to the solid parti-
le electrophoresis and is usually attributed to the surface-active
mpurities [ 3 ]. However, the modern experimental technique
n preparing and processing the droplet emulsions is able to
void the interference of surface-active impurities [ 4 ], while the
on transport within electrical double layer may also give rise
o the similar “solidification”-like phenomena due to the ion
oncentration polarization phenomena [ 3, 5–7 ]. Therefore, the
ffect of interfacial ion transport around the mobile interface on
roplet electrophoretic mobility should be carefully considered. 
2026 Wiley-VCH GmbH. 
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Compared to other systems such as metallic droplet and gas
bubble, the dielectric droplet may show quite different elec-
trophoretic mobility scalings. On the one hand, the induced
charge effect at interface is much weaker than the metallic cases
due to the finite (and essentially zero) conductivity ratio 𝑟 ≡int ∕ext ≡ ̄ ∕ and relatively low permittivity ratio [ 8, 9 ]. On
the other hand, it has finite permittivity ratio 𝜀𝑟 ≡ 𝜀int ∕𝜀ext ≡
𝜀 ∕𝜀 and dynamic viscosity ratio 𝜂𝑟 ≡ 𝜂int ∕𝜂ext ≡ 𝜂∕𝜂, where the
weak but finite induced charge effect may couple with the ion
polarization effect and show a continuous scaling transition when
the finite viscosity ratio is considered [ 8, 10 ]. It is worth noting
that the ion concentration polarization effect denoted here is
treated in another form called convective conduction in early
works [ 8 ], which, however, also take advantages of the Helmholtz
double layer model to reduce the theoretical complexity. This
simplification qualitatively captures the essential underlying
physics of surface conduction , but ignores the inhomogeneous
charge distribution along radius direction when the induced
charge effect is taken into consideration, which may impact the
mobility scaling in the low 𝜁 limit. 
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 articles are governed by the applicable
n the other hand, the present quantitative studies that incorpo-
ate the aforementioned ion transport around the finite-viscosity
roplet interfaces usually rely on the numerical solutions based
n the weak field linearization, which is not convenient enough
or practical use in electrophoresis experiments and may not be
ble to provide the analytical insights into the underlying physics
 6, 11, 12 ]. Generally speaking, the difficulties in theoretical
reatment of droplet electrophoresis usually lie in the cases of
igh interfacial charging 𝜁∕𝑉𝑇 ≫ 1 , strong external field 𝐸 ≳ 1 ,
r thick double layer 𝜆D ∕𝑎 ≡ 1∕ 𝜅𝑎 ≳ 1 where the nonlinear trans-
ort phenomena within the electrical double layer are expected
o be significant [ 13–15 ]. Here, 𝜁 is the zeta potential of charged
nterface, 𝑉𝑇 ≡ 𝑘B 𝑇∕𝑒 is called the thermal voltage ( ∼ 25mV

nder room temperature), 𝐸 ≡ 𝐸∞𝑎∕𝑉𝑇 is the dimensionless
xternal electric field, while 𝜆D and 𝑎 are the Debye length and
roplet radius ( ∼ 1 − 100 μm ), respectively. 

he perturbation method is often used to obtain the analytical
olution or at least the simplified problem set under certain
arameter limit. According to the different choices on the
erturbation parameters, the perturbation methods for colloidal
article electrophoresis can be classified into three categories,
hat is, Henry–Overbeek–Booth method in the low 𝜁 potential
imit [ 16–20 ], O’Brien–White method in the low 𝐸 limit for solid
articles [ 21, 22 ] or liquid droplets [ 5, 6, 11, 23–25 ], and Frumkin–
evich–Dukhin method in the thin double layer limit [ 8–10,
6–31 ]. Though sharing the same object of linearization, those
hree methods show quite large differences in both leading-order
ormulation and theoretical applicability. 

or dielectric droplets under weak fields, which is most com-
only met in droplet electrophoresis measurements, the ana-
ytical solution that is able to incorporate the ion concentration
olarization effect is still lacking, especially in those studies based
n the Henry–Overbeek–Booth and O’Brien–White approaches.
ere, we mentioned several examples to address the relevant
rogress in recent years. Mahapatra and Hill adopted Debye–
ückel approximation to the low-surface charge case (i.e., low 𝜁

otential limit) which considers the moving ion at surface and
eneraizes Booth’s theory to arbitrary Damköhler number [ 32 ].
ajhi et al. adopted the numerical methods to solve the pertur-
ated governing equations under the assumption of weak field
i.e., the low 𝐸 limit) which incorporates the correlation effects
nduced by the finite-size surfactant ion [ 33 ], while Hill utilized
he similar method to study the effect of interfacial-exchange
inetics, interfacial-charge mobility, and Marangoni effects [ 34 ]
ollowing Baygents and Saville [ 6 ]. Ohshima further adopted
oth assumptions to investigate ion adsorption and Marangoni
ffects [ 35 ]. For those analytical solutions, the assumptions of low
nterface 𝜁 potential and linear proposition of external fields and
nitial double layer fields are used, which typically ignored the ion
oncentration polarization effect [ 36 ]. In particular, the analytical
olution of dielectric droplet electrophoresis that can be extended
o the relatively highly charged interfaces is still lacking, where
he ion concentration polarization effect may play a significant
ole. This not only limits the applicability of those analytical
olutions in droplet electrophoresis measurements, but also gives
ise to the discontinuity of the mobility scaling at low 𝜁 and even
nreasonable predictions in the low droplet viscosity limit [ 19, 37,
8 ]. 
 C
rea
Since the thin double layer limit can be usually satisfied in the
droplet electrophoresis measurement [ 4, 39, 40 ], the Frumkin–
Levich–Dukhin method, which gives the leading-order theory
of a coarse-grained model with effective interface conditions
encapsulating the complex nonlinear transport within the double
layer and is able to indicate the physical mechanism at the
double layer scale, is more suitable for the analytical solution
of highly charged droplet electrophoresis with ion concentration
polarization effect. Since 1990s, there have been a series of
works on the Frumkin–Levich–Dukhin method for the droplet
electrokinetics (EK) or electrohydrodynamics (EHD), including
conducting droplets with either adsorption-induced interface
charging under strong fields 𝐸 ≳ 1 [ 30, 41 ], conducting droplets
with partition-induced interface charging under weak fields
𝐸 ≪ 1 [ 31, 42 ], vesicles between two conducting fluids with finite
interphase permeability [ 42 ], and metallic droplets with induced
charge effects [ 9, 43 ]. In particular, Schnitzer and Yariv first
derive the classical Taylor–Melcher EHD model as the large-
field and thin double layer limit of the EK equations through
the method of matched asymptotic expansion. This serves as a
milestone that resolve the several issues on Debye diffuse layer
and screening-induced electroneutrality related to the ubiquitous
“leaky dielectric” approximation [ 44 ]. 

In this work, we aim to provide the analytical solution of
electrophoresis of highly charged dielectric droplet with ion
concentration polarization effect following the Frumkin–Levich–
Dukhin method. Our work gives the solution that is beyond the
low 𝜁 potential limit that is often utilized in previous studies,
and provides the analytical insights into the coupling mechanism
between ion concentration polarization and permittivity-induced
inhomogeneous charging at the moderate 𝐸 regime. It is
noteworthy that this paper combines several assumptions listed
as follows to deduce the final asymptotic equations: spherical
undeformed droplet, thermodynamically polarizable interface,
symmetric electrolyte with equal ion diffusivities ( 𝐷∗ 

+ = 𝐷∗ 
− = 𝐷∗ )

and fully interface-mobile feature, thin EDL ( 𝜆𝐷 ∕𝑎 ≪ 1 ), physi-
cally induced charge perturbation with instantaneous chemical
equilibrium, and moderate external field ( 𝛿𝐸 ≪ 𝜁0 ), while the
explicit analytical solutions are further given under the weak-
field/low-zeta-potential limits. 

The paper is organized as follows. In particular, we closely
follow the method utilized in the bubble electrophoresis analysis
in previous work [ 10 ]. In Section 2 , we present the governing
equations and the coarse-grained model for the dielectric droplet
electrophoresis. In Section 3 , we introduce the perturbation
method for the analytical solution of the droplet electrophoresis.
In Section 4 , we present the analytical solution of the droplet elec-
trophoresis, discuss the scaling behaviors of the electrophoretic
mobility, and shows its application to charging mechanism model
for nonpolar oil as illustration. The conclusions are given in
Section 5 . 

2 Mathematical Models 

In the following theoretical formulation, the dimensional forms
denoted by 𝑋∗ will be used, with the corresponding dimensionless
forms denoted by 𝑋. 
Electrophoresis, 2026
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FIGURE 1 System schematics of dielectric droplet electrophoresis. 
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 articles are governed by the applicable C
rea
.1 Physical Problems and Descriptions 

s shown in Figure 1 , considering a dielectric droplet in elec-
rolyte solution, whose radius is 𝑅∗ and the surface charge density
s maintained at a constant value 𝜎∗ , the electrophoretic velocity
nder the external electric field 𝐸∗ 

∞ is denoted by  ∗ . The
ermittivity and dynamic viscosity of electrolyte solution (called
xterior ) are denoted by 𝜀∗ and 𝜂∗ , while those properties of
ielectric droplet (called interior ) are denoted by 𝜀∗ and 𝜂∗ . For
implicity, the electrolyte is chosen as 𝑧∗ : 𝑧∗ type with net charge
f ± 𝑧∗ 𝑒∗ , the concentration is 𝑐∗ 0 , and the molecular diffusivities
f the cation and the anion are assumed the same, indicated by
∗ . 

or the exterior region with the electrolyte solution, the continu-
ty equation and low- 𝑅𝑒 Stokes equation for steady incompress-
ble flows are written as 

∇∗ ⋅ 𝒖∗ = 0 , (1)

∇∗ 𝑝∗ = 𝜂∗ ∇∗ 2 𝒖∗ − 𝜌∗ 𝑒 ∇
∗ 𝜑∗ . (2)

ere, 𝜌∗ 𝑒 = 𝑧∗ 𝐹∗ (𝑐+ 
∗ − 𝑐− ∗ ) is the volume charge density, and

∗ = 𝑒∗ 𝑁∗ 
𝐴 is the Faradaic constant. The electric potential 𝜑

∗

atisfied electrostatic Poisson equation 

− 𝜀∗ ∇∗ 2 𝜑∗ = 𝜌∗ 𝑒 . (3)

herefore, the Stokes equation can be also written as 

∇∗ ⋅
(
− 𝑝∗ 𝑰∗ + 𝑻𝜂∗ + 𝑻𝑒 ∗ 

)
= 0 , (4)

here 𝑻𝜂∗ and 𝑻𝑒 ∗ are the Newtonian shear stress and Maxwell
tress tensors, respectively, 

𝑻𝜂∗ = 𝜂∗ 
[
∇∗ 𝒖∗ + (∇∗ 𝒖∗ )𝑇 

]
, (5)

𝑻𝑒 ∗ = 𝜀∗ 
[ 
𝑬∗ 𝑬∗ − 1 

2 
(𝑬∗ ⋅ 𝑬∗ ) 𝑰∗ 

] 
. (6)

ere, the electric field 𝑬∗ = − ∇∗ 𝜑∗ is used. Ion concentration
ields 𝑐± ∗ related to the charge density satisfy the Nernst–Planck
quations 

∇∗ ⋅ 𝒋∗ ± 
∗ = 0 , (7)
lectrophoresis, 2026
where 𝒋∗ ± 
∗ = − 𝐷∗ ∇∗ 𝑐± 

∗ ∓ 𝑧∗ 𝐹∗ 𝑐± 
∗ 
∇∗ 𝜑∗ + 𝒖∗ 𝑐± 

∗ are the concen-
tration flux of cations and anions. 

For the interior region with dielectric droplet, the continuity
equation and momentum equation are similarly written as 

∇∗ ⋅ 𝒖̄∗ = 0 , (8)

∇∗ 𝑝̄∗ = 𝜂∗ ∇∗ 2 𝒖̄∗ . (9)

Here, the ion concentration and charge density are both zero,
while the electric potential satisfies the Laplace equation 

∇∗ 2 𝜑̄∗ = 0 . (10)

Taking a referenced frame that is moving with the electrophoretic
droplet, we establish a spherical coordinate ( 𝑟∗ , 𝜃, 𝜐) with the
center 𝑟∗ = 0 in coincidence with the droplet center and the
direction of 𝒆∗ 𝑟 at 𝜃 = 0 as well as the 𝑥-axis pointing to the
direction of the external electric field 𝑬∗ 

∞. From the symmetry
analysis of the system setup, the physical fields are independent
of 𝜐, in which the velocity field is denoted by 𝒖∗ ≡ 𝑢∗ 𝒆∗ 𝑟 + 𝑣∗ 𝒆∗ 

𝜃
. To

write down the boundary conditions at infinity and the interface
conditions at the droplet interface, the following assumptions are
taken: 

(i) The interface tension is uniform and high enough to main
the spherical shape of the droplet, then 𝑟∗ = 𝑅∗ corresponds
to the droplet surface. 

(ii) The interface is thermodynamically polarizable, that is, the
interphase ion flux is zero under steady conditions. 

(iii) The surface charge density is uniform and fixed at 𝜎∗ during
the electrophoretic motion. 

Then, the boundary conditions at infinity 𝑟∗ → ∞ are written as 
𝒖∗ → −  ∗ 𝒆∗ 𝑥 , (11)

− ∇∗ 𝜑∗ → 𝐸∗ 
∞𝒆

∗ 
𝑥 , (12)

𝑐± 
∗ 
→ 𝑐∗ 0 . (13)

And the interface conditions at the droplet surface 𝑟∗ = 𝑅∗ are 
𝑢∗ = 𝑢̄∗ = 0 , (14)

𝑣∗ = 𝑣∗ , (15)

𝜂∗ 
( 

𝜕𝑣∗ 

𝜕𝑟∗ 
− 𝑣∗ 

𝑅∗ 

) 

− 𝜂∗ 
( 

𝜕𝑣∗ 

𝜕𝑟∗ 
− 𝑣∗ 

𝑅∗ 

) 

= 𝜎∗ 1 

𝑅∗ 

𝜕𝜑∗ 

𝜕𝜃
, (16)

𝜀∗ 
𝜕𝜑∗ 

𝜕𝑟∗ 
− 𝜀∗ 

𝜕𝜑̄∗ 

𝜕𝑟∗ 
= − 𝜎∗ , (17)

𝒆∗ 𝑟 ⋅ 𝒋
∗ 
± 
∗ = 0 . (18)
3
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 articles are governed by the applicable C
reat
he above equations are, in order, the conditions for interface
mpenetrability, tangential velocity continuity, balance of tan-
ential stress, matching of normal electric displacement, and
hermodynamic polarizability. To enclose the above problem, the
orce balance condition of droplet should be satisfied 

∯
𝑟∗ = 𝑅∗ 

(
− 𝑝∗ 𝑰∗ + 𝑻𝜂∗ + 𝑻𝑒 ∗ 

)
⋅ 𝒆∗ 𝑟 𝑑𝐴

∗ = 0 . (19)

oting that ∇∗ ⋅
(
− 𝑝∗ 𝑰∗ + 𝑻𝜂∗ + 𝑻𝑒 ∗ 

)
= 0 , the integral surface

an be chosen as the arbitrary one that encloses the droplet.
o this end, once the external field 𝐸∗ 

∞ and material properties
re prescribed, the electrophoretic velocity  ∗ of the dielectric
roplet is obtained by solving the above problem, then giving the
lectrophoretic mobility  ∗ ∕𝐸∗ 

∞. 

.2 Dimensionless Formulation 

o give the dimensionless form, here we choose the droplet radius
∗ , bulk concentration of electrolyte solution 𝑐∗ 0 , thermal voltage
∗ ≡ 𝑉∗ 

𝑇 = 𝑘∗ B 𝑇
∗ ∕𝑧∗ 𝑒∗ as the characteristic length, concentration,

nd electric potential. The corresponding Maxwell stress 𝑇𝑒 ∗ =
∗ 𝜑∗ 2 ∕𝑅∗ 2 is used as the characteristic stress, and the velocity
orresponding to the stress 𝑢∗ = 𝑅∗ 𝑇𝑒 ∗ ∕𝜂∗ ≡ 𝜀∗ 𝜑∗ 2 ∕( 𝜂∗ 𝑅∗ ) is rec-
gnized as the characteristic velocity. In this case, the droplet
urface corresponds to 𝑟 = 𝑟∗ ∕𝑅∗ ≡ 1 , the dimensionless external
lectric field is  ≡ 𝐸 = 𝐸∗ 

∞𝑅
∗ ∕𝜑∗ , the electrophoretic velocity is

 =  ∗ ∕𝑢∗ , and the surface charge density is 𝜎 = 𝜎∗ ∕( 𝜀∗ 𝜅∗ 𝜑∗ ) .
ere, 𝜅∗ is the reciprocal of Debye length 𝜆∗ D ≡ 𝜅∗ 

− 1 , satisfying 

𝜅∗ 
2 =

2 𝑧∗ 𝑒∗ 𝑐∗ 0 
𝜀∗ 𝜑∗ 

. (20)

he dimensionless form of the above problem is then given
s follows. 

or the exterior region, the continuity equation and Stokes
quation of steady incompressible flow can be written as 

∇ ⋅ 𝒖 = 0 , (21)

∇ 𝑝 = ∇2 𝒖 + ∇2 𝜑 ∇ 𝜑 . (22)

he electrostatic Poisson equation is 
− 2 𝛿2 ∇2 𝜑 = 𝑐+ − 𝑐− , (23)

here 𝛿 = ( 𝜅∗ 𝑅∗ ) 
− 1 . The steady Nernst–Planck equations are

ritten as 
∇ ⋅ 𝒋± +  𝒖 ⋅ ∇ 𝑐± = 0 . (24)

ere, 𝒋± = − ∇ 𝑐± ∓ 𝑐± ∇ 𝜑 are the sum of diffusive and electromi-
rative flux of cations and anions, and  is the hydrodynamic
iscous coupling constant 

 =
𝜀∗ 𝜑∗ 2 

𝜂∗ 𝐷∗ 
∼

𝜀∗ 𝜑∗ 2 𝑑∗ 

𝑘∗ B 𝑇
∗ 

≲ 0 . 5 , (25)

here 𝑑∗ is the hydrodynamic diameter of typical solute ions
 45 ]. For the interior region, the continuity equation, momentum
quation, and electrostatic Laplace equation are written as 

∇ ⋅ 𝒖̄ = 0 , (26)
∇𝑝̄ = 𝜂𝑟 ∇
2 𝒖̄ , (27)

∇2 𝜑̄ = 0 . (28)

The interface conditions at the droplet surface 𝑟 = 1 are 

𝑢 = 𝑢̄ = 0 , (29)

𝑣 = 𝑣 , (30)

( 

𝜕𝑣 

𝜕𝑟 
− 𝑣

) 

− 𝜂𝑟 

( 

𝜕𝑣 

𝜕𝑟 
− 𝑣 

) 

= 𝛿− 1 𝜎
𝜕𝜑 

𝜕𝜃
, (31)

𝜕𝜑 

𝜕𝑟 
− 𝜀𝑟 

𝜕𝜑̄ 

𝜕𝑟 
= − 𝛿− 1 𝜎, (32)

𝜕𝜑 

𝜕𝜃
=

𝜕𝜑̄ 

𝜕𝜃
, (33)

𝒆𝑟 ⋅ 𝒋
± = 0 , (34)

while the boundary conditions at infinity 𝑟 → ∞ are 

𝒖 → −  𝒆𝑥 , (35)

∇ 𝜑 → −  𝒆𝑥 , (36)

𝑐± → 1 . (37)

The force balance of the droplet is written as 

∯
𝑟= 1 

( − 𝑝𝑰 + 𝑻𝜂 + 𝑻𝑒 ) ⋅ 𝒆𝑟 𝑑𝐴 = 0 . (38)

To illustrate the coupling relations between physical fields,
the variable transformation from ionic concentrations 𝑐± to
the apparent salt concentration 𝑐 = ( 𝑐+ + 𝑐− )∕2 and apparent
charge density 𝑞 = ( 𝑐+ − 𝑐− )∕2 (i.e., the 𝑐- 𝑞 representation ) is
conducted, and the concentration fluxes are transformed into the
concentration flux 𝒋 = ( 𝒋+ + 𝒋− )∕2 and electric current density
𝒊 = ( 𝒋+ − 𝒋− )∕2 correspondingly. Then, the fluxes are written as

𝒋 = − ∇ 𝑐 − 𝑞∇ 𝜑, 𝒊 = − ∇ 𝑞 − 𝑐∇ 𝜑. (39)

The corresponding conservation equations for concentration 𝑐
and charge 𝑞 are as follows: 

∇ ⋅ 𝒋 +  𝒖 ⋅ ∇ 𝑐 = 0 , ∇ ⋅ 𝒊 +  𝒖 ⋅ ∇ 𝑞 = 0 . (40)

The electrostatic Poisson equation is then written in a more
compact form 

𝛿2 ∇ 𝜑 = − 𝑞. (41)
Electrophoresis, 2026
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FIGURE 2 Schematics of matched symptotic expansion for dielec- 
tric droplet electrophoresis. 
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reat
he interface conditions for 𝑐 and 𝑞 at 𝑟 = 1 are 

𝒆𝑟 ⋅ 𝒋 = 0 , 𝒆𝑟 ⋅ 𝒊 = 0 , (42)

hile the boundary conditions at 𝑟 → ∞ are 

𝑐 → 1 , 𝑞 → 0 . (43)

he complete equation set for the problem of dielectric droplet
lectrophoresis is obtained, whose difficulty in theoretical treat-
ent lies in the nonlinear coupling transport terms in the
onservation equations for 𝑐, 𝑞, and 𝒖 . 

 Methods of Matched Asymptotic Expansion 

his section will first outline the overall approach of matched
symptotic expansions. The form of the interfacial conditions
nd the physical fields to be determined will be then derived
y solving the leading-order solution within the inner region of
he electric double layer. Subsequently, higher-order solutions
ithin the inner region of the electric double layer will be solved
o close the effective interfacial conditions for stress matching
cross the outer regions, following by the effective boundary
onditions for the normal flux of the higher-order concentration
ield. In particular, we will first ignore the induced charge effect,
hich is essentially following the Schnitzer’s work except for a
inite viscosity of droplet [ 10 ]. Once considering the externally
nduced charge due to the finite permittivity of droplet, a heuristic
reatment incorporating higher-order terms into the leading-
rder analysis which extends the standard method of matched
symptotic expansion is given. It is shown that the inhomo-
eneous charging at the liquid–liquid interface will cause the
angential electric field to no longer be uniform in the direction
ormal to the double layer. This will result in the dielectric droplet
xhibiting an ion concentration polarization effect under low
urface potential conditions, which differs from that of bubbles
 10 ]. In the following, we adopt the assumption of the thin double
ayer limit 𝛿 ≡ 𝜆∗ D ∕𝑅

∗ ≪ 1 , and assume that the external electric
ield is not too strong (which we call the moderate strength),
uch that 𝛿 ≪ min {1 , 𝜁0 } , where 𝜁0 denotes the dimensionless
eta potential of the dielectric droplet surface in the absence of
xternal field. Note that very strong fields  ≫ 1 would contribute
 field-induced charge approaching the spontaneous interface
harge, leading to the nonlinear convective effects. 

.1 Region Decomposition and Matching 
ondition 

or the electrophoresis of electric droplet, the thin double layer
imit is usually satisfied. As a nonlinear transport problem with
cale disparity at mobile interface, the method of matched asymp-
otic expansion (i.e., the aforementioned Frumkin–Levich–
ukhin method) is a more feasible approach to obtain the
olution compared with direct numerical simulation. Besides,
he resulting coarse-grained problem with effective interface
onditions will uncover the coupling transport phenomena at
he interface, and also presents a more simple form serving as
he foundation for further upscaling numerical simulation. In
eneral, this method takes the assumption of thin double layer,
olves the physical fields within the diffuse layer (called inner
lectrophoresis, 2026
region ), and then matches the solution with the physical fields
outside the diffuse layer (called outer region ). 

Here, we assume the diffuse layer thickness is much less than
the droplet radius 𝑅∗ , that is, 𝛿 ≪ 1 , and the other parameters
are of order unity. As shown in Figure 2 , following the typical
treatment in previous studies [ 9, 10 ], for the exterior region
𝑟 > 1 , we set the inner variable 𝑍 = ( 𝑟 − 1)∕ 𝛿 to describe the
transport within the diffuse layer, and the outer variable 𝑟 to
describe the transport behavior outside the diffuse layer. Here,
𝑍 = 0 corresponds to the liquid–liquid interface at 𝑟 = 1 , and ̃𝑟 →
1+ corresponds to the outer edge of the diffuse layer at 𝑍 → ∞,
while 𝑟 → 1− corresponds to the inner edge of the diffuse layer at
𝑍 = 0 . According to the previous definition, 𝑟 > 1 and 0 < 𝑟 < 1

are referred to as the exterior and interior regions of the interface,
respectively, and 0 ≤ 𝑍 < ∞ is referred to as the inner region,
while 𝑟 > 1 and 0 < 𝑟 < 1 represent the outer regions. 

As the foundation for the asymptotic expansion and order
matching of the governing equations (especially the Stokes
equations), the representation of the gradient operator, as well
as the Laplacian of scalars and vectors in the local coordinate
system with intrinsic variables as the independent variables, is
first analyzed. Using the linear transformation between the inner
and outer variables 𝑟 = 1 + 𝛿𝑍, it is yielded that 

𝜕 

𝜕𝑟 
= 1 

𝛿

𝜕 

𝜕𝑍 

and 

∇2 ≐ 1 

𝛿2 
𝜕2 

𝜕𝑍2 
+ 2 

𝛿

𝜕 

𝜕𝑍 

− 2 𝑍
𝜕 

𝜕𝑍 

+ 1 

sin 𝜃

𝜕 

𝜕𝜃

( 

sin 𝜃
𝜕 

𝜕𝜃

) 

+ 1 

sin 
2 
𝜃

𝜕2 

𝜕 𝜐2 
+  ( 𝛿) . 

Considering the system symmetry around the 𝑥-axis, any physical
field in the spherical coordinate system can be written as 𝑨 ≡
𝐴𝑟 𝒆𝑟 + 𝐴𝜃𝒆𝜃 , and then 

(∇2 𝑨 ) ⋅ 𝒆𝑟 = ∇2 𝐴𝑟 − 2 𝐴𝑟 +  ( 𝛿) , 

(∇2 𝑨 ) ⋅ 𝒆𝜃 = ∇2 𝐴𝜃 −
𝐴𝜃

sin 
2 
𝜃
+ 2

𝜕𝐴𝑟 

𝜕𝜃
+  ( 𝛿) . 

Here, the physical fields in the inner region have taken the limit of
𝑟 → 1+ , and  ( 𝛿) is defined corresponding to the limit 𝛿 → 0 . For
5
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rea
implicity, later on we will use 𝑟 to represent the outer variable 𝑟
n the outer region, and use 𝑍 when referring to the inner region.

or the inner region, from the electrostatic interface condition
 32 ) and Poisson equation ( 23 ), the potential field 𝜑 and con-
entration field 𝑐± are both of order  (1) . From the interface
ondition of shear stress ( 31 ) the tangential velocity 𝑣 is of order
 (1) , and the normal velocity 𝑢 can be further evaluated at
 ( 𝛿) from the continuity equation ( 21 ) and interface condition of
elocity ( 29 ). From the normal component of Stokes equation ( 22 )
t the order of  ( 𝛿− 3 ) , the pressure is evaluated at  ( 𝛿− 2 ) .
he physical fields within the diffuse layer region can be then
xpanded as follows: 

𝜑 = Φ0 ( 𝑍, 𝜃) + 𝛿Φ1 ( 𝑍, 𝜃) + . . . , 

𝑐± = 𝐶± 
0 ( 𝑍, 𝜃) + 𝛿𝐶± 

1 ( 𝑍, 𝜃) + . . . , 

𝑣 = 𝑉0 ( 𝑍, 𝜃) + 𝛿𝑉1 ( 𝑍, 𝜃) + . . . , 

𝑢 = 𝛿𝑈1 ( 𝑍, 𝜃) + . . . , 

𝑝 = 𝛿− 2 𝑃− 2 ( 𝑍, 𝜃) + 𝛿− 1 𝑃− 1 ( 𝑍, 𝜃) + . . . . 

n the 𝑐–𝑞 representation, it is similarly written as 

𝑐 = 𝐶0 ( 𝑍, 𝜃) + 𝛿𝐶1 ( 𝑍, 𝜃) + . . . , 

𝑞 = 𝑄0 ( 𝑍, 𝜃) + 𝛿𝑄1 ( 𝑍, 𝜃) + . . . , 

𝒆𝑟 ⋅ 𝒋 = 𝐽0 ( 𝑍, 𝜃) + 𝛿𝐽1 ( 𝑍, 𝜃) + . . . , 

𝒆𝑟 ⋅ 𝒊 = 𝐼0 ( 𝑍, 𝜃) + 𝛿𝐼1 ( 𝑍, 𝜃) + . . . . 

or any physical field 𝑓 in the outer region 𝑟 > 1 , performing the
xpansion 𝑓 = 𝑓0 + 𝛿𝑓1 + . . . , it is derived from the electrostatic
oisson equation ( 23 ) that 

𝑞0 = 0 , 𝑞1 = 0 , (44)

hus 

𝑐± 0 = 𝑐0 , 𝑐± 1 = 𝑐1 . (45)

ubstituting into the fluxes of concentration and charge ( 39 ), it
ields 

𝒋0 = − ∇ 𝑐0 , 𝒊0 = − 𝑐0 ∇ 𝜑0 . (46)

rom the conservation equation of concentration and charge
 40 ), it is indicated that 𝑐0 and 𝜑0 obey the advection–diffusion
quation and charge conservation equation, respectively, 

∇2 𝑐0 =  𝒖0 ⋅ ∇ 𝑐0 , (47)

∇ ⋅ ( 𝑐0 ∇ 𝜑0 ) = 0 . (48)

nd from the continuity equation ( 21 ) and Stokes equation ( 22 ),
t is obtained that 

∇ ⋅ 𝒖0 = 0 , (49)

∇ 𝑝0 = ∇2 𝒖0 + ∇2 𝜑0 ∇ 𝜑0 . (50)
t

For the physical fields in the interior region 0 < 𝑟 < 1 , it is
similarly derived that 

∇ ⋅ 𝒖̄0 = 0 , (51)

∇𝑝̄0 = ∇2 𝒖̄0 , (52)

∇2 𝜑̄0 = 0 . (53)

The matching conditions between inner and outer solutions
connect the physical fields within the diffuse layer in the limit of
𝑍 → ∞ and those in the outer region in the limit of 𝑟 → 1+ [ 46 ].
For the leading-order solutions, it is required that when 𝑍 → ∞, 

𝐶± 
0 → 𝑐0 , Φ0 → 𝜑0 , 𝑉0 → 𝑣0 , (54)

and the interface conditions of electrostatics ( 31 ) and shear stress
( 32 ) at 𝑟 = 1 give 

𝜕Φ0 

𝜕𝑍 

→ 0 ,
𝜕𝑉0 

𝜕𝑍 

→ 0 . (55)

For the higher-order solutions, it is required that when 𝑍 → ∞, 

Φ1 → 𝜑1 ,
𝜕Φ1 

𝜕𝑍 

→
𝜕𝜑0 

𝜕𝑟 
, 𝐶± 

1 → 𝑐1 ,
𝜕𝑉1 

𝜕𝑍 

→
𝜕𝑣0 
𝜕𝑟 

. (56)

We will start with the outer region 𝑟 > 1 . From the  ( 𝛿− 1 ) terms
of conservation equations of concentration and charge ( 40 ) it is
given that at 𝑟 = 1 , 

𝜕𝑐0 
𝜕𝑟 

= 0 ,
𝜕𝜑0 

𝜕𝑟 
= 0 . (57)

Combining with the zeroth-order term of the advection–diffusion
equation of concentration ( 47 ) and the corresponding boundary
condition at infinity, it yields 

𝑐0 ≡ 1 . (58)

Substituting into the zeroth-order term of charge conservation
equation ( 48 ), the Laplace equation is derived 

∇2 𝜑0 = 0 . (59)

Taking the interface condition at 𝑟 = 1 and boundary condition at
infinity into consideration, it is obtained that 

𝜑0 = − 
( 

𝑟 + 1 

2 𝑟2 

) 

cos 𝜃, 𝑞0 = 0 . (60)

Therefore, the Stokes equation ( 50 ) is reduced to 

∇ 𝑝0 = ∇2 𝒖0 , (61)

while the force balance constraint of droplet gives 

∯
𝑟= 1 

(
− 𝑝0 𝑰 + 𝑻

𝜂

0 

)
⋅ 𝒆𝑟 𝑑𝐴 = 0 . (62)

Due to the triviality of the zeroth-order solutions for ion con-
centration and charge density fields in the outer region, the
aforementioned ion concentration polarization behavior will
couple with the velocity field and higher-order ion concentration
fields. Besides, as we will see in the following subsections, the
droplet electrophoresis is driven by a dual mechanism of effective
Electrophoresis, 2026
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 articles are governed by the applicable C
reati
lip velocity and effective interfacial shear stress, replacing the
ingle driving mechanism of effective slip velocity in the case of
olid particle. 

.2 Effective Interfacial Conditions: Ignoring 
nduced Charge Effect 

he following will present the leading-order solution for the inner
egion of the electric double layer when the induced charge effect
s ignored (as a higher-order effect). In particular, our formulation
llows for a nonzero 𝜕 Ψ∕𝜕 𝜃, therefore presenting a (slightly) more
eneral formulation compared with previous work [ 10 ], which
s essential for the induced charge effect to be considered in the
ext subsection. Here, 𝜎 is assumed to be a constant, which is the
nitial surface charge density contributed by the adsorbed solute
ons at interface induced by the interfacial chemical reaction. 

or the salt concentration and charge density distribution in the
nner region, considering the  ( 𝛿− 1 ) terms in the conservation
quation of concentration ( 24 ) is zero and noticing the interface
ondition at 𝑍 = 0 ( 34 ), the zeroth-order normal ionic flux 𝐽0
s zero and the diffuse layer in the normal direction is in the
lectrochemical equilibrium [ 36 ]. Therefore, the leading-order
olution of salt concentration obeys the Boltzmann distribution,
hose specific form can be obtained once noticing the matching
ondition at 𝑍 → ∞ ( 54 ) 

𝐶± 
0 = 𝑐0 e ± Ψ, (63)

ere Ψ ≡ Φ0 − 𝜑0 which satisfies Ψ → 0 when 𝑍 → ∞. From the
 (1) terms in the electrostatic Poisson equation ( 23 ), it is derived
hat 

𝜕2 Ψ

𝜕𝑍2 
= 𝑐0 sinh Ψ ⇒

𝜕Ψ

𝜕𝑧 
= − 2

√
𝑐0 sinh 

Ψ

2 
. (64)

etting 𝜁 = Ψ( 𝑍 = 0) , and noticing Ψ → 0 when 𝑍 → ∞, it is
btained that 

tanh 
Ψ

4 
= e − 𝑍

√
𝑐0 tanh 

𝜁

4 
. (65)

o explicitly give the distribution of zeta potential 𝜁, we utilize the
 (1) terms of electrostatic interface condition at 𝑍 = 0 ( 32 ) (i.e.,
 → 1− ) 

𝜕Ψ

𝜕𝑍 

||||𝑍= 0 = − 𝜎 ≡ − 2
√
𝑐0 sinh 

𝜁

2 
, (66)

hich gives a homogeneous zeta potential 𝜁 ≡ 𝜁0 . The zeroth-
rder tangential electric field in the diffuse layer can be calculated

𝜕Φ0 

𝜕𝜃
= 𝜕Ψ

𝜕𝜃
+

𝜕𝜑0 

𝜕𝜃

||||𝑟= 1 =  Θ( 𝜃) . (67)

or the fluid flow in the inner region, considering the  ( 𝛿− 3 )

erms of the Stokes equation ( 22 ) along 𝑟-direction, it is derived
hat 

𝜕𝑃− 2 

𝜕𝑍 

= 𝜕2 Ψ

𝜕𝑍2 

𝜕Ψ

𝜕𝑍 

. (68)

aking the integral along 𝑍 from 𝑍 to ∞, it is obtained that 

𝑃− 2 =
1 

2 

( 

𝜕Ψ

𝜕𝑍 

) 2 

. (69)
lectrophoresis, 2026
Here, we have utilized the properties of 𝑃− 2 → 0 and 𝜕 Φ0 ∕𝜕 𝑍 → 0

when 𝑍 → ∞. Then, considering the  ( 𝛿− 2 ) terms of the Stokes
equation ( 22 ) along 𝜃 direction, it is derived that 

𝜕𝑃− 2 

𝜕𝜃
=

𝜕2 𝑉0 

𝜕𝑍2 
+ 𝜕2 Ψ

𝜕𝑍2 

𝜕𝜑0 

𝜕𝜃
, (70)

where the pressure gradient can be explicitly calculated 
𝜕𝑃− 2 

𝜕𝜃
= 𝜕Ψ

𝜕𝑍 

𝜕2 Ψ

𝜕 𝑍𝜕 𝜃
= sinh Ψ

𝜕Ψ

𝜕𝜃
( ≡ − 𝑄0 

𝜕Ψ

𝜕𝜃
) . (71)

Taking the integral of Equation ( 70 ) along 𝑍 from 𝑍 to ∞, and
utilizing the properties of Ψ → 0 , 𝜕 Ψ∕𝜕 𝑍 → 0 , and 𝜕 𝑉0 ∕𝜕 𝑍 → 0

when 𝑍 → ∞, it is obtained that 
𝜕𝑉0 

𝜕𝑍 

= −𝜕Ψ

𝜕𝑍 

𝜕𝜑0 

𝜕𝜃
. (72)

Doing the integral again from 𝑍 to ∞ and noticing that 𝑉0 → 𝑣0 
when 𝑍 → ∞, it is derived that 

𝑣0 − 𝑉0 = Ψ
𝜕𝜑0 

𝜕𝜃
. (73)

Taking advantage of the definition of 𝜁 ≡ Ψ( 𝑍 = 0) at 𝑍 = 0 , we
obtain the effective interface condition of velocity 

𝑣0 − 𝑉0 |𝑍= 0 = 𝜁
𝜕𝜑0 

𝜕𝜃
=  𝜁Θ( 𝜃) . (74)

For solid wall, 𝑉0 |𝑍= 0 is prescribed and the final velocity boundary
can be obtained directly, while for liquid–liquid interface, 𝑉0 |𝑍= 0 
is undetermined, and the shear stress condition is required to
obtain the velocity and pressure fields. 

Considering the interface condition of shear stress ( 31 ), the  ( 𝛿− 1 )

terms gives 
𝜕𝑉0 

𝜕𝑍 

= 𝜎
𝜕𝜑0 

𝜕𝜃

||||𝑟= 1 . (75)

In fact, taking 𝑍 = 0 in Equation ( 72 ) and utilizing the elec-
trostatic interface condition ( 66 ), we can similarly obtained

𝜕𝑉0 

𝜕𝑍 

= −𝜕Ψ

𝜕𝑍 

𝜕𝜑0 

𝜕𝜃

||||𝑟= 1 ≡ 𝜎
𝜕𝜑0 

𝜕𝜃

||||𝑟= 1 . (76)

Therefore, the higher-order solution in the inner region is
required, that is, to consider the  (1) terms in the shear stress
interface condition 

𝜕𝑉1 

𝜕𝑍 

− 𝑉0 − 𝜂𝑟 

( 

𝜕𝑣 

𝜕𝑟 
− 𝑣 

) 

= 𝜎
𝜕𝜑1 

𝜕𝜃
. (77)

To this end, we have to solve the higher-order equations to
determine the terms 𝜕 𝑉1 ∕𝜕 𝑍 and 𝜕 𝑣0 ∕𝜕 𝑟 to provide the complete
effective interface condition for shear stress matching. In spe-
cific, we consider the  ( 𝛿− 2 ) of the Stokes equation ( 22 ) along
𝑟-direction 

𝜕𝑃− 1 

𝜕𝑍 

=
( 

2
𝜕Φ0 

𝜕𝑍 

) 

𝜕Φ0 

𝜕𝑍 

+
( 

𝜕2 Φ0 

𝜕𝑍2 

) 

𝜕Φ1 

𝜕𝑍 

+
( 

𝜕2 Φ1 

𝜕𝑍2 

) 

𝜕Φ0 

𝜕𝑍 

= 2

( 

𝜕Φ0 

𝜕𝑍 

) 2 

+ 𝜕 

𝜕𝑍 

( 

𝜕Φ0 

𝜕𝑍 

𝜕Φ1 

𝜕𝑍 

) 

. 

(78)

Note that since the velocity inhomogeneity ∇2 𝒖 can only con-
tribute the order of  ( 𝛿− 1 ) , it disappears in the above balance
7

ve C
om

m
ons L

icense



e  

𝜕

 

w  

u  

a

 

T  

𝜃

 

w  

i  

l  

(  

f

 

C  

(

 

T  

p  

t  

p  

p  

s

 

S  

f  

a

 

T
i  

e  

o  

c  

𝑐

 

w

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

8

 15222683, 0, D
ow

nloaded from
 https://analyticalsciencejournals.onlinelibrary.w

iley.com
/doi/10.1002/elps.70118 by T

singhua U
niversity L

ibrary, W
iley O

nline L
ibrary on [08/06/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
rea
quation. Taking the integral along 𝑍 from 𝑍 to ∞ and utilizing
 Φ1 ∕𝜕 𝑍 ≡ 𝜕 Ψ∕𝜕 𝑍, it is obtained that 

− 𝑃− 1 = 8∫
∞

𝑍 

sinh 
2 Ψ( 𝑍′) 

2 
𝑑𝑍′ − 𝜕Ψ

𝜕𝑍 

𝜕Φ1 

𝜕𝑍 

, (79)

here the exponential decay property of Ψwhen 𝑍 → ∞ has been
sed. Working out the integral, the explicit form of 𝑃− 1 is written
s follows: 

𝑃− 1 = − 16 sinh 
2 Ψ

4 
+ 𝜕Ψ

𝜕𝑍 

𝜕Φ1 

𝜕𝑍 

. (80)

hen, consider the  ( 𝛿− 1 ) terms of the Stokes equation ( 22 ) along
direction 

𝜕𝑃− 1 

𝜕𝜃
=

𝜕2 𝑉1 

𝜕𝑍2 
+ 2

𝜕𝑉0 

𝜕𝑍 

+
( 

𝜕2 Φ1 

𝜕𝑍2 
+ 2

𝜕Ψ

𝜕𝑍 

) 

𝜕𝜑0 

𝜕𝜃

+ 𝜕2 Ψ

𝜕𝑍2 

( 

𝜕Φ1 

𝜕𝜃
− 𝑍

𝜕𝜑0 

𝜕𝜃

) 

, (81)

here the first two terms originate from the velocity inhomogene-
ty ∇2 𝒖 , while the last two terms come from ∇2 𝜑 ∇ 𝜑 , in which the
inear term of 𝑍 results from the  ( 𝛿) terms in the expansion of
1∕ 𝑟) 𝜕 ∕𝜕 𝜃. Taking the integral along 𝑍 from 𝑍 to ∞, the explicit
rom of 𝜕 𝑉1 ∕𝜕 𝑍 is obtained 

𝜕𝑣0 
𝜕𝑟 

−
𝜕𝑉1 

𝜕𝑍 

||||𝑍= 0 = 𝜁
𝜕𝜑0 

𝜕𝜃
− 𝜎

𝜕Φ1 

𝜕𝜃
+ 2∫

∞

0 

𝜕Ψ

𝜕𝑍 

𝜕2 Φ1 

𝜕 𝑍𝜕 𝜃
𝑑𝑍 . (82)

ombining the perturbation form of shear stress ( 72 ) and velocity
 74 ), it is finally obtained that ( 

𝜕𝑣0 
𝜕𝑟 

− 𝑣0 

) 

− 𝜂𝑟 

( 

𝜕𝑣0 
𝜕𝑟 

− 𝑣0 

) 

= 2∫
∞

0 

𝜕Ψ

𝜕𝑍 

𝜕2 Φ1 

𝜕 𝑍𝜕 𝜃
𝑑𝑍 . (83)

he right-hand-side term is related to the higher-order electric
otential field and must be determined in conjunction with
he higher-order equations for ion concentration and electric
otential, reflecting the effects associated with ion concentration
olarization. Following the previous work [ 10 ], the approximate
olution is written as 

𝜕Φ1 

𝜕𝜃
= −

𝜕𝑐1 
𝜕𝜃

sinh 
Ψ

2 

( 

𝑍 + 1 

cosh ( 𝜁∕2) 

) 

+
𝜕𝜑1 

𝜕𝜃
. (84)

ubstituting into Equation ( 83 ), the final form of effective inter-
ace condition of shear stress matching can be obtained as follows
fter the integral ( 

𝜕𝑣0 
𝜕𝑟 

− 𝑣0 

) 

− 𝜂𝑟 

( 

𝜕𝑣0 
𝜕𝑟 

− 𝑣0 

) 

= − 4
sinh 

2 
( 𝜁∕4) 

cosh ( 𝜁∕2) 

𝜕𝑐1 
𝜕𝜃

. (85)

o determine the ion concentration polarization term 𝜕 𝑐1 ∕𝜕 𝜃

n the above equation, it is required to provide the governing
quations as well as the boundary conditions for 𝑐1 in the
uter region. From the advection–diffusion equation for salt
oncentration ( 24 ) as well as 𝑐0 ≡ 1 and 𝑞0 ≡ 0 , it is obtained that
1 obeys the following advection–diffusion equation: 

∇2 𝑐1 =  𝒖0 ⋅ ∇ 𝑐1 , (86)

hich satisfies the boundary condition at 𝑟 → ∞

𝑐1 → 0 , (87)
t

and the matching condition at 𝑟 = 1 

𝜕𝑐1 
𝜕𝑟 

||||𝑟= 1 = − 𝐽1 ( 𝑍 → ∞) . (88)

Here, the normal ionic flux can be given by solving the advection–
diffusion equation in the inner region 

𝐽1 ( 𝑍 → ∞) = − 6  cos 𝜃

( 

(1 + 2  ) sinh 
𝜁

2 
−  𝜁 cosh 

𝜁

2 

) 

−
4  sinh 

2 
( 𝜁∕4) 

sin 𝜃

𝑑 

𝑑𝜃
( 𝑣0 sin 𝜃) . 

(89)

3.3 Effective Interfacial Conditions: 
Incorporating Induced Charge Effect 

Here, we will evaluate how the externally induced charge regulate
the previous results. It is important to note that this study
introduces the breaking of spherical symmetry in the interfacial
𝜁 potential due to induced charges on the dielectric interface
under an external field. This will profoundly influence the ion
concentration polarization behavior and be incorporated into the
tangential velocity boundary, shear stress boundary, and ion flux
boundary. Here, 𝜎 is recognized as the initial surface charge
density contributed by the adsorbed solute ions at interface
induced by the interfacial chemical reaction, which may further
redistribute under external electric field and fluid convection.
It is noteworthy that we ignore the effects of further chemical
reactions that possibly regulate the surface charge density. 

To explicitly give the distribution of zeta potential 𝜁, we uti-
lize the electrostatic interface condition at 𝑍 = 0 (i.e., 𝑟 → 1− )
[Equation ( 32 )] 

𝜕Ψ

𝜕𝑍 

||||𝑍= 0 = 𝜀𝑟 
𝜕 ̄̃𝜑 

𝜕𝑟 
− 𝜎 ≡ − 2

√
𝑐0 sinh 

𝜁

2 
. (90)

Here, it has been required that the field-induced potential at the
dielectric surface satisfies ̄̃𝜑 ≡ 𝛿𝜑̄ ≪ 1 , which represents a  ( 𝛿)

correction to the  (1) quantities serving as a modification to the
standard expansion [Equation ( 66 )]. The induced potential inside
the dielectric droplet 𝜑̄ is assumed to be approximately given by
the permittivity-mismatching condition 

𝜑̄ = 𝜁 − 3 

2 + 𝜀𝑟 
 𝑟 cos 𝜃, 0 < 𝑟 < 1 , (91)

which indicates that the aforementioned scaling requirement
is equivalent to 𝛿 ≪ 1 . Substituting the induced potential
distribution into the zeta potential distribution, it is obtained that

2
√
𝑐0 sinh 

𝜁( 𝜃) 

2 
= 𝜎 +

3 𝜀𝑟 
2 + 𝜀𝑟 

𝛿 cos 𝜃. (92)

Taking the derivatives of both sides, it is derived that 

𝑑𝜁

𝑑𝜃
= − 1 

cosh ( 𝜁∕2) 
 3 𝛿𝜀𝑟 
2 + 𝜀𝑟 

sin 𝜃 ≡ − 1 

cosh ( 𝜁∕2) 
 𝜉𝛿𝜀 Θ( 𝜃) , (93)

where we have noted 𝜉𝛿𝜀 ≡ 𝛿 ⋅ 𝜀𝑟 ∕(1 + 𝜀𝑟 ∕2) and Θ( 𝜃) ≡
(3∕2) sin 𝜃, and utilized 𝑐0 ≡ 1 . Setting 𝜁0 = 2 sinh 

− 1 
( 𝜎∕2) ,

the above result can be approximately reduced to the following
Electrophoresis, 2026
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 articles are governed by the applicable C
rea
hen 𝜁 ≪ 1 

𝜁( 𝜃) = 𝜁0 +
3 𝜀𝑟 

2 + 𝜀𝑟 
𝛿 cos 𝜃. (94)

his result reflects the variation of 𝜁 on 𝜃, which essentially
tems from the induced charging effect on dielectric surfaces
nd the broken spherical symmetry of interfacial charging, and
istinguishes the current study from previous work [ 10 ]. The
oderate external field condition requires 𝛿 ≪ 𝜁0 [ 30, 47 ], and
e will not distinguish 𝜁 from 𝜁0 when the 𝜕 𝜁∕𝜕 𝜃 is unimportant.
n fact, by allowing 𝛿 ≪ min {1 , 𝜁0 } , we expect that the following
esults may still stand even if  is not small enough given that 𝛿 ≪
 , which, however, still requires further validation by numerical
imulations or experiments. 

rom Equation ( 65 ), it is noticed that the arguments of functions
, 𝐶0 = cosh Ψ and 𝑄0 = sinh Ψ can be written in a unified
orm of 𝑔1 ( 𝑍) 𝑔2 ( 𝜁( 𝜃)) , and the 𝑍-derivatives of those functions
( ⋅) ∕𝜕𝑍 are the functions of Ψ itself from Equation ( 64 ), whose
haracteristics are essential for the analytical solutions of the
igher-order equations. Accordingly, Equation ( 67 ) should be
eplaced with 

𝜕Φ0 

𝜕𝜃
= 𝜕Ψ

𝜕𝜃
+

𝜕𝜑0 

𝜕𝜃

||||𝑟= 1 = −
2 sinh (Ψ∕2) 

sinh 𝜁
 𝜉𝛿𝜀 Θ( 𝜃) +  Θ( 𝜃) . (95)

his result is obtained by taking the derivatives of expression of
[Equation ( 65 )], and the result of 𝑑 𝜁∕𝑑 𝜃 has also been utilized.
t is indicated that the zeroth-order tangential electric field is
o longer uniform along the 𝑍-direction (which is distinct from
he gas bubble [ 10 ]), where the 𝑍-dependence 𝜕 Ψ∕𝜕 𝜃 varies in
 similar tendency as 𝑒− 𝑍 . In the scenario considering induced
harging on dielectric surfaces, although the total charge of the
uasi-equilibrium diffuse layer is zero, the additional tangential
lectric field generated by inhomogeneous charging will con-
ribute to a nonzero total effective shear stress. This shear stress
s of the order of ⨒ under low surface potential conditions, which
ignificantly differs from bubble electrophoresis where induced
nterfacial charge is neglected [ 10 ], but bears some resemblance
o the electrocapillary motion behavior of metal droplets [ 8, 9 ]. In
articular, it is noteworthy noting that in this study we denote
𝜑̄ as ̄̃𝜑 =  ( 𝛿) , which means the induced charge effect only
as a ⨐ contribution as a correction term. This can be seen as a
euristic treatment extending the method of matched asymptotic
xpansion, which indeed is quite different from those previous
tudies that treat 𝜑̄− 1 = 𝛿𝜑̄ as a  (1) quantity under strong fields
 =  ( 𝛿− 1 ) [ 30, 48 ]. 

s for the fluid flow, Equation ( 72 ) should be replaced by 

𝜕𝑉0 

𝜕𝑍 

=
2 sinh 

2 
(Ψ∕2) 

sinh 𝜁
 𝜉𝛿𝜀 Θ( 𝜃) −

𝜕Ψ

𝜕𝑍 

𝜕𝜑0 

𝜕𝜃
. (96)

herefore, after a similar operation of integration, it is obtained
hat 

𝑣0 − 𝑉0 = Ψ
𝜕𝜑0 

𝜕𝜃
+  𝜉𝛿𝜀 Θ( 𝜃)

4 sinh 
2 
(Ψ∕4) 

sinh 𝜁
. (97)
lectrophoresis, 2026

t

Then, Equation ( 74 ) is replaced by 

𝑣0 − 𝑉0 |𝑍= 0 = 𝜁
𝜕𝜑0 

𝜕𝜃
+  𝜉𝛿𝜀 Θ( 𝜃)

4 sinh 
2 
( 𝜁∕4) 

sinh 𝜁
. 

=  𝜁Θ( 𝜃) +  𝜉𝛿𝜀 Θ( 𝜃)
tanh ( 𝜁∕4) 

cosh ( 𝜁∕2) 
. 

(98)

Besides, from Equation ( 96 ), it yields 
𝜕𝑉0 

𝜕𝑍 

= 𝜎̃
𝜕𝜑0 

𝜕𝜃

||||𝑟= 1 +  ( 2 ) , (99)

which still share the similar formulation to Equation ( 75 ), with
𝜎̃ = 𝜎 +  ( 𝜀𝑟 𝜁) the surface charge density where the induced
charge effect has been incorporated [ 10 ]. 

As previously mentioned, determining the leading-order effective
interfacial condition for the shear stress at droplet interface and
capturing the polarization behavior of nearby ion concentrations
require further reliance on higher-order solutions within the
inner region. Specifically, the former necessitates the use of the
momentum equation incorporating higher-order pressure terms
to provide the shear stress matching at the interface, while the
latter requires solving for higher-order electric potential and
ion concentrations to establish the boundary conditions for the
higher-order ion concentration field. 

For the former one, to obtain the shear stress boundary, Equa-
tion ( 82 ) is replaced by 

𝜕𝑣0 
𝜕𝑟 

−
𝜕𝑉1 

𝜕𝑍 

||||𝑍= 0 = 4  𝜉𝛿𝜀 Θ( 𝜃)
tanh ( 𝜁∕4) 

cosh ( 𝜁∕2) 
+ 𝜁

𝜕𝜑0 

𝜕𝜃
− 𝜎̃

𝜕Φ1 

𝜕𝜃

+ 2∫
∞

0 

𝜕Ψ

𝜕𝑍 

𝜕2 Φ1 

𝜕 𝑍𝜕 𝜃
𝑑𝑍 . (100)

The detailed derivation of Equation ( 100 ) can be found in
Appendix A.1 . Then, Equation ( 83 ) should be replaced by ( 

𝜕𝑣0 
𝜕𝑟 

− 𝑣0 

) 

− 𝜂𝑟 

( 

𝜕𝑣0 
𝜕𝑟 

− 𝑣0 

) 

= 3  𝜉𝛿𝜀 Θ( 𝜃)
tanh ( 𝜁∕4) 

cosh ( 𝜁∕2) 

+ 2∫
∞

0 

𝜕Ψ

𝜕𝑍 

𝜕2 Φ1 

𝜕 𝑍𝜕 𝜃
𝑑𝑍 . (101)

The additional first term on the right-hand side of the equa-
tion is explicitly expressed, representing the contribution of the
normal nonuniform electric field induced by charges on the
dielectric surface. Solving the higher-order electric potential and
concentration fields, Equation ( 84 ) is replaced by 
𝜕Φ1 

𝜕𝜃
= −

( 

𝜕𝑐1 
𝜕𝜃

−
2  𝜉𝛿𝜀 Θ( 𝜃) 

sinh 𝜁

) 

sinh 
Ψ

2 

( 

𝑍 + 1 

cosh ( 𝜁∕2) 

) 

+
𝜕𝜑1 

𝜕𝜃
. 

(102)
Thus, the shear stress matching condition is modified as follows: ( 

𝜕𝑣0 
𝜕𝑟 

− 𝑣0 

) 

− 𝜂𝑟 

( 

𝜕𝑣0 
𝜕𝑟 

− 𝑣0 

) 

=  𝜉𝛿𝜀 Θ( 𝜃)
tanh ( 𝜁∕4) 

cosh ( 𝜁∕2) 

( 

3 + 2 

cosh ( 𝜁∕2) 

) 

− 4
sinh 

2 
( 𝜁∕4) 

cosh ( 𝜁∕2) 

𝜕𝑐1 
𝜕𝜃

. 

(103)

The detailed derivation of Equations ( 102 ) and ( 103 ) can be found
in Appendix A.2 . 
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 articles are governed by the applicable C
rea
or the latter one, the ionic flux boundary [Equation ( 89 )] is
ccordingly replaced by 

1 ( 𝑍 → ∞) = − 6  cos 𝜃

( 

(1 + 2  ) sinh 
𝜁

2 
−  𝜁 cosh 

𝜁

2 

) 

+ 3 𝜉𝛿𝜀  cos 𝜃

( 

tanh 
𝜁

2 
+ 2 tanh ( 𝜁∕4) sinh 

2 
( 𝜁∕4) 

cosh ( 𝜁∕2) 

)

−
4  sinh 

2 
( 𝜁∕4) 

sin 𝜃

𝑑 

𝑑𝜃
( 𝑣0 sin 𝜃) . 

(104)

he detailed derivation of Equation ( 104 ) can be found in
ppendix A.3 . 

 Results and Discussions 

n this section, we will first organize the formulation of the outer
egion boundary value problem obtained through the coarse-
rained method of matched asymptotic expansions from the
revious section and discuss its physical significance. Then,
nder specific parameter limits, we will provide its analytical
olution and explore the mechanisms of ion concentration polar-
zation effects. As an application of the analytical solutions, this
ection will also incorporate the large viscosity ratio assump-
ion to develop a charging mechanism model based on the
ependence of electrophoretic mobility on pH and discuss its
hysical implications. 

.1 Recapitulation of Coarse-Grained Problem 

nd Brief Discussion 

aking the thin double layer limit 𝛿 → 0 , rewriting 𝑐1 as 𝑐, and
tilizing 𝜑 and 𝒖 to denote the leading-order terms, we can
rganize the coarse-grained problems in the outer regions outside
he diffuse layer region. Note that, the terms with coefficient 𝜉𝛿𝜀
epresent the correction by induced charge effect. 

he coarse-grained governing equation for salt concentration
ield 𝑐 is 

∇2 𝑐 =  𝒖 ⋅ ∇ 𝑐, 𝑟 > 1 , (105)

hich satisfies the normal salt flux boundary condition at 𝑟 = 1 

𝜕𝑐 

𝜕𝑟 
= 6  cos 𝜃

( 

(1 + 2  ) sinh 
𝜁

2 
−  𝜁 cosh 

𝜁

2 

) 

− 3 𝜉𝛿𝜀  cos 𝜃

( 

tanh 
𝜁

2 
+ 2 tanh ( 𝜁∕4) sinh 

2 
( 𝜁∕4) 

cosh ( 𝜁∕2) 

) 

+
4  sinh 

2 
( 𝜁∕4) 

sin 𝜃

𝑑 

𝑑𝜃
( 𝑣 sin 𝜃) 

≡ 6  cos 𝜃1 ( 𝜁) +
2 ( 𝜁) 

sin 𝜃

𝑑 

𝑑𝜃
( 𝑣 sin 𝜃) . 

(106)
ere, 1 =  ( 𝜁) and 2 =  ( 𝜁2 ) (for 𝜁 → 0 ). The boundary
ondition at 𝑟 → ∞ is written as 

𝑐 → 0 . (107)
0

t

The coarse-grained governing equations for velocity and pressure
fields 𝒖 ( ̄𝒖 ) and 𝑝 ( ̄𝑝 ) are 

∇ ⋅ 𝒖 = 0 , ∇ 𝑝 = ∇2 𝒖 , 𝑟 > 1 (108)

∇ ⋅ 𝒖̄ = 0 , ∇𝑝̄ = 𝜂𝑟 ∇
2 𝒖̄ , 0 < 𝑟 < 1 , (109)

which satisfies the normal impenetrability condition at 𝑟 = 1 

𝑢 = 𝑢̄ = 0 , (110)

the tangential velocity jump condition at 𝑟 = 1 

𝑣 − 𝑣 =  Θ( 𝜃)

( 

𝜁 − 𝜉𝛿𝜀 
tanh ( 𝜁∕4) 

cosh ( 𝜁∕2) 

) 

≡  Θ( 𝜃) 3 ( 𝜁) , (111)

where 3 =  ( 𝜁) (for 𝜁 ≪ 1 ), and the shear stress matching
condition at 𝑟 = 1 ( 

𝜕𝑣 

𝜕𝑟 
− 𝑣

) 

− 𝜂𝑟 

( 

𝜕𝑣 

𝜕𝑟 
− 𝑣 

) 

=  𝜉𝛿𝜀 Θ( 𝜃)
tanh ( 𝜁∕4) 

cosh ( 𝜁∕2) 

( 

3 + 2 

cosh ( 𝜁∕2) 

) 

− 4
sinh 

2 
( 𝜁∕4) 

cosh ( 𝜁∕2) 

𝜕𝑐 

𝜕𝜃

≡  Θ( 𝜃) 4 ( 𝜁) −
𝜕𝑐 

𝜕𝜃
5 ( 𝜁) , (112)

where 4 =  ( 𝜁) and 5 =  ( 𝜁2 ) (for 𝜁 → 0 ). The boundary
condition at 𝑟 → ∞ is written as 

𝑢 → −  cos 𝜃, 

𝑣 →  sin 𝜃. 
(113)

To make the problem physically meaningful, it should also satisfy
the finite velocity condition at 𝑟 = 0 

𝑢̄ , 𝑣 < ∞. (114)

The problem is finally enclosed by the force balance condition of
droplet 

∯
𝑟= 1 

(
− 𝑝𝑰 + (∇ 𝒖 + (∇ 𝒖 )𝑇 )

)
⋅ 𝒆𝑟 𝑑𝐴 = 0 . (115)

Based on the above theoretical formulation of the coarse-
grained problem for electrophoresis of dielectric droplets, a
preliminary discussion of the transport mechanism in the outer
regions outside the electric double layer can be conducted
as follows. 

1. From the perspective of multiphysics coupling, the concentra-
tion field and the velocity field are mutually coupled through
the boundary conditions at the interface 𝑟 = 1 . Here, the velocity
field primarily influences the concentration field via interfacial
convective transport, while the concentration field affects the
velocity field mainly by inducing nonuniform osmotic pressure
at the interface, corresponding to the convection-induced ion
concentration polarization effect. The characteristic coupling
coefficients 2 and 5 for these interactions are both of the order ( 𝜁2 ) . In this study, by introducing the induced charge effect,
the contribution of inhomogeneous interfacial charging to the
ion concentration polarization effect is further considered, with
its characteristic coefficients 1 and 4 being of the order  ( 𝜁) .
These results imply that under low surface potential conditions,
Electrophoresis, 2026

ive C
om

m
ons L

icense



t  

t  

p  

a  

t  

𝜑  

f  

o  

h  

t  

m  

a  

i  

t  

a

2  

e  

f  

s  

i  

m  

c  

v  

t  

m  

𝜁  

e  

e  

p  

s  

m  

𝜁  

  

c  

o  

𝜁  

r  

w  

a  

s  

  

w  

c  

w
 

f  

a  

o  

t  

t  

t  

r  

H  

s  

e  

p

3  

𝜂  

t  

t  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

E

 15222683, 0, D
ow

nloaded from
 https://analyticalsciencejournals.onlinelibrary.w

iley.com
/doi/10.1002/elps.70118 by T

singhua U
niversity L

ibrary, W
iley O

nline L
ibrary on [08/06/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reat
he linear terms of the external electric field and the induced
angential electric field dominate, whereas under high surface
otential conditions, the nonlinear terms of interfacial convection
nd diffusive permeation play a major role. Notably, although
he derivation involves the higher-order potential fields Φ1 and
1 within the electric double layer and at its outer edge, the
inal formulation does not include the perturbation of the higher-
rder potential f ield 𝜑1 . This outcome primarily stems from the
ighest-order term in the scaling analysis of the Stokes momen-
um equation ( 22 ), which is determined by the velocity field’s
agnitude confirmed by the stress boundary condition ( 31 ). In
ddition, if the shape change of the droplet during electrophoresis
s minimal, its normal deformation can be determined through
he normal stress matching condition at the droplet surface 𝑟 = 1

nd is related to Ca [ 9, 42 ]. 

. From the perspective of control parameter effects, the external
lectric field strength  acts linearly in the ion concentration
lux boundary, tangential velocity jump condition, and tangential
tress matching condition at 𝑟 = 1 . On the other hand, the
nfluence of the interfacial 𝜁 potential is closely related to the
agnitude of the dynamic viscosity ratio 𝜂𝑟 and the dielectric
onstant ratio 𝜀𝑟 . When 𝜂𝑟 is nonnegligible, the characteristic
elocity  needs to be determined by simultaneously solving
he tangential velocity jump condition and the tangential stress
atching condition. Its magnitude under low surface potential
conditions is governed by the velocity boundary and can be
stimated as  ( 𝜁) . In this case, the ion concentration polarization
ffect in the tangential stress matching becomes significant
rimarily under high dielectric constant ratio 𝜀𝑟 ≳ 1 and high
urface potential 𝜁 ≳ 1 conditions, while it only constitutes a
inor correction to the original result under low surface potential
. When 𝜂𝑟 → 0 , the magnitude of the characteristic velocity
 can be estimated through the tangential stress matching
ondition, and the discussion is divided based on the magnitude
f the parameter 𝜁. For the low surface potential case where
≪ 1 , if 𝜀𝑟 ≠ 0 , the 4 term is the leading-order term with
espect to 𝜁, and the electrophoretic velocity is of order  ( 𝜁) ;
hereas if 𝜀𝑟 ≪ 0 , the 5 term becomes the leading-order term,
nd the electrophoretic velocity is of order  ( 𝜁3 ) . For the high
urface potential case where 𝜁 ≳ 1 , the characteristic coefficient
4 for interfacial induced inhomogeneous charging tends to 0,
hile the characteristic coefficients 1 and 2 for ion convective
oncentration polarization exhibit significant nonlinear effects
ith respect to 𝜁. Consequently, the characteristic coefficient 5

or the interfacial diffusive permeation effect is of order  (1) . In
ddition, for the hydrodynamic viscous coupling coefficient 
f ions, it primarily influences ion transport behavior through
he convective diffusion equation and the convective term of
he concentration normal flux at the 𝑟 = 1 boundary, where
he characteristic coefficient at the normal flux boundary is
elated to the excess ion concentration 2 at the interface.
owever, even if  → 0 , the ion concentration distribution may
till enter the normal flux boundary due to the action of the
xternal electric field  , thereby triggering ion concentration
olarization behavior. 

. From the perspective of comparing different systems, when
𝑟 → ∞, the order-of-magnitude estimation of the aforemen-
ioned tangential stress matching condition will yield 𝑣 = 0 . In
his case, the problem reduces to the tangential velocity jump
lectrophoresis, 2026
condition, leading to the same conclusion as for solid particles,
an inference that can be verified by the analytical solution form
presented below. When 𝜂𝑟 → 0 , the results for the electrophoresis
of bubbles are obtained. Particularly, since bubbles generally
satisfy 𝜀𝑟 → 0 , the aforementioned boundary value problem will
reduce to the expression found in previous studies on bubble elec-
trophoresis [ 10 ]. In previous research, it was common to directly
set 𝜂𝑟 = 𝜀𝑟 = 0 , which results in the characteristic velocity  

being determined solely by the  ( 𝜁3 ) term related to ion concen-
tration polarization in the tangential stress matching condition.
This can partially explain why previous studies obtained a zero
electrophoretic velocity for bubbles under low surface potential
𝜁 ≪ 1 conditions using a linear expansion in 𝜁. However, the
derivation in this paper shows that the nonlinear dependence of
electrophoretic velocity on 𝜁 at low surface potentials and the
linear dependence on the small parameters 𝜂𝑟 , 𝜀𝑟 ≪ 1 are difficult
to distinguish, necessitating further estimation of the influence
of small parameter magnitudes. As for metal droplets, there
are no stresses other than viscous forces within their interface
and interior that balance the electric double layer electric field
forces, which makes the order-of-magnitude estimation of the
velocity field via stress boundary conditions significantly different
from that of dielectric droplets [ 9, 43 ]. In this scenario, the final
form of the boundary value problem will be expressed in terms
of the higher-order potential field 𝜑1 rather than the higher-
order concentration f ield 𝑐1 , which is consistent with the physical
picture of metal droplets exhibiting significant induced charging
effects under an external electric field. 

4.2 Closed-Form Analytical Solution Under 
Several Parameter Limits 

In the zero-divergence condition of stress tensor, the stream
functions on both sides of spherical surfaces can be directly
written down as follows [ 49 ]: 

𝜓 = −1 

2 

( 

𝑟2 − 1 

𝑟 

) 

sin 
2 
𝜃, 𝑟 > 1 (116)

𝜓̄ = −3 

4 
̄ 

(
𝑟4 − 𝑟2 

)
sin 

2 
𝜃, 0 < 𝑟 < 1 , (117)

the latter of which corresponds to the Hill’s spherical vortex. The
above stream functions will lead to the following velocity fields in
the outer regions: 

𝑢 = − 
( 

1 − 1 

𝑟3 

) 

cos 𝜃, (118)

𝑣 = 
( 

1 + 1 

2 𝑟3 

) 

sin 𝜃, (119)

𝑢̄ = −3 

2 
̄ 

(
𝑟2 − 1

)
cos 𝜃, (120)

𝑣 = 3̄ 

( 

𝑟2 − 1 

2 

) 

sin 𝜃. (121)

The boundary condition at infinity 𝑟 → ∞, the finite velocity
condition at 𝑟 = 0 , the zero-divergence condition of stress tensor,
11
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FIGURE 3 The distribution of the typical nonaqueous phase prop- 
erty ratios 𝜂𝑟 and 𝜉𝛿𝜀 , from left to right, includes air, paraffin oil, 
octane, decane, dodecane, hexadecane, xylene, and nitrobenzene. The 
experimental data are measurements taken at atmospheric pressure and 
a temperature of 25◦C [ 4, 50–52 ]. Among these, the threshold curve 
corresponds to 3 𝜂𝑟 [ 1 − 𝜉𝛿𝜀 ( 𝜀𝑟 )∕4] = 5 𝜉𝛿𝜀 ( 𝜀𝑟 )∕4 , where the parameter 
value 𝛿 = 1 has been taken as the limiting case. 
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 articles are governed by the applicable C
reat
nd the normal impenetrability condition at 𝑟 = 1 have been
aturally satisfied. To determine the parameters  and ̄ , it
s required to utilize the tangential velocity jump condition
nd shear stress matching condition at 𝑟 = 1 , as well as the
ormal salt flux at 𝑟 = 1 for the salt concentration field. In
articular, the following analytical solution will mainly include
he concentration solution to the Laplace equation as follows: 

∇2 𝑐 = 0 , 𝑟 > 1 , (122)

hose nontrivial general solution that is consistent with the
ipole boundary condition is written as 

𝑐 =  cos 𝜃

𝑟2 
. (123)

n the limit of low surface potential 𝜁 ≪ 1 , the characteristic
oupling coefficients are evaluated as 

1 =
( 

1 − 3 

2 
𝜉𝛿𝜀 

) 

𝜁 +  ( 𝜁3 ) + 𝑜( 𝜁3 ) , (124)

2 =  ( 𝜁2 ) = 𝑜( 𝜁) , (125)

3 =
( 

1 −
𝜉𝛿𝜀 
4 

) 

𝜁 + 𝑜( 𝜁) , (126)

4 =
5 

4 
𝜉𝛿𝜀 𝜁 + 𝑜( 𝜁) , (127)

5 =  ( 𝜁2 ) = 𝑜( 𝜁) . (128)

herefore, the normal salt flux at 𝑟 = 1 is of order  ( 𝜁) , and the
angential velocity jump as well as the shear stress is also of order
 ( 𝜁) . It is then reasonable to conduct the rescaling for 𝒖 and 𝑐
nto 𝒖 = 𝛿𝒖̃ and 𝑐 = 𝛿𝑐 , where the rescaled concentration field
̃ will satisfy the aforementioned Laplace equation. Substituting
he interface conditions [Equations ( 106 ), ( 111 ), and ( 112 )], the
ndetermined parameters can be solved 

 =  𝜁
3 𝜂𝑟 (1 − 𝜉𝛿𝜀 ∕4) − (5 𝜉𝛿𝜀 ∕4) 

3 𝜂𝑟 + 2 
. (129)

t is readily observed that the expression reduces to the Smolu-
howski formula for the electrophoresis of solid particles when
𝑟 → ∞, and to the Booth’s solution [ 20 ] when 𝜉𝛿𝜀 → 0 . Both of
hese existing analytical solutions mentioned here rely on the
ow surface potential condition, which is compatible with the
ssumptions made herein. Our result is qualitatively consistent
ith the experimental results of Marinova et al. [ 4 ], which
how that the droplet electrophoretic mobility increases with the
iscosity ratio under same chemical environment setup. Besides,
t is a natural question that whether the term 3 𝜂𝑟 [ 1 − 𝜉𝛿𝜀 ( 𝜀𝑟 )∕4] −
 

5 𝜉𝛿𝜀 ( 𝜀𝑟 )∕4] could be negative which will deduce a quite coun-
erintuitive result the positively charged droplet will move to the
everse direction of the imposed electric field. Figure 3 presents
 distribution map of typical oil-to-aqueous solution property
atios, demonstrating that even for relatively thick electric double
ayers ( 𝛿 ≲ 1 ), the aforementioned term is positive in general. 

n the limit of a weak external electric field  ≪ 1 , the magni-
udes of the concentration field 𝑐 and the velocity field 𝒖 can
2

similarly be estimated as  (  ) . Consequently, scaling transforma-
tions are applied to 𝒖 and 𝑐 as 𝒖 = 𝒖̃ and 𝑐 = 𝑐 , respectively.
Under these transformations, the concentration field 𝑐 satisfies
the Laplace equation, making the aforementioned general solu-
tion applicable. By substituting the interface conditions ( 106 ),
( 111 ), and ( 112 ) in a similar manner and solving the system of
equations, we obtain 

 = 3 𝜂𝑟 3 − 4 + 2 1 5 

3 𝜂𝑟 + 2 + 2 5 

. (130)

It is straightforward to verify that this expression reduces to the
result under the low surface potential limit as 𝜁 → 0 , while it
itself is also applicable to higher surface potential 𝜁 scenarios that
may induce significant ion concentration polarization, marking
an important contribution of this study that distinguishes it from
previous works. Figure 4 illustrates the dependence of  on 𝜁
for different viscosity ratio 𝜂𝑟 parameters. Among these, under
low viscosity ratio conditions, a 𝜁3 scaling relationship is satisfied
at low surface potentials 𝜁, while under high viscosity ratio
conditions, a linear scaling relationship is satisfied at low surface
potentials 𝜁. At higher 𝜁, all viscosity ratio scenarios exhibit a
nonmonotonic dependence on 𝜁, which is precisely the result of
ion concentration polarization. This study is the first to capture
the nonmonotonic dependence of electrophoretic mobility on
surface charge in the form of an analytical solution, which is
qualitatively consistent with previous numerical results where
the more complex adsorption kinetic behaviors are included [ 6 ]. 

In fact, using the spectral method based on the associated
Legendre functions and with governing equation of 𝑐 linearized,
the higher-order effect of 𝜉𝛿𝜀  in Equations ( 111 ), ( 112 ), and
( 106 ) could be evaluated. Since the force expression is only
related to the leading-order Legendre modes of 𝑐 and 𝒖 , the
solution procedure is similar to that in the previous literature
[ 48 ], and the final electrophoretic velocity expression is similar to
Equation ( 130 ), with 𝑖, 0 ≡ 𝑖 ( 𝜁) |𝜁= 𝜁 as the leading-order approx-
0 
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FIGURE 4 The dependence of the electrophoretic velocity of dielectric droplets on the interfacial 𝜁 potential under different viscosity ratios. (a) 
Under low viscosity ratio conditions, the low surface potential 𝜁 satisfies the 𝜁3 scaling relationship; (b) Under high viscosity ratio conditions, the low 

surface potential 𝜁 satisfies a linear scaling relationship. At higher 𝜁 values, all viscosity ratio scenarios exhibit a nonmonotonic dependence on 𝜁. 
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TABLE 1 Parameter comparison between the model of this study 
and previous charge mechanism models. 

PHREEQCv3 [ 59 ] Bonto et al. [ 60 ] Present model 

lg 𝐾1 8.93 − 6.23 − 3.6 
lg 𝐾Na + 0 0.53 0 
lg 𝐾

Ca 2
+ 3.08 1.63 1.5 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

E

 15222683, 0, D
ow

nloaded from
 https://analyticalsciencejournals.onlinelibrary.w

iley.com
/doi/10.1002/elps.70118 by T

singhua U
niversity L

ibrary, W
iley O

nline L
ibrary on [08/06/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reat
mation replaced by the moments of polar-angle-dependent
uantity 𝑖, 1 = 𝑖, 1 ( 𝜁( 𝜁0 , 𝜉𝛿𝜀  )) , whose definitions are given as 

𝑖, 1 =
∫ 𝜋

0 
𝑖 ( 𝜁( 𝜉𝛿𝜀  , cos 𝜃)) cos 2 𝜃 sin 𝜃𝑑𝜃

∫ 𝜋

0 
cos 2 𝜃 sin 𝜃𝑑𝜃

, (131)

nd 

𝑗, 1 =
∫ 𝜋

0 
𝑗 ( 𝜁( 𝜉𝛿𝜀  , cos 𝜃)) sin 

3 
𝜃𝑑𝜃

∫ 𝜋

0 
sin 

3 
𝜃𝑑𝜃

, (132)

here 𝑖 = 1 , 2 and 𝑗 = 3 , 4 , 5 . For simplicity, the detailed result
ill not be covered in this work. From the formulation, it is
traightforward that if the viscosity ratio is set to infinity and
oncentration effect are ignored, the final electrophoretic velocity
xpression will reduce to the modified Smoluchowski formula
roposed by Schnitzer and Yariv [ 48 ]. 

.3 Discussion: Charging Mechanism Model of 
onpolar Oil 

or dielectric droplet surfaces composed of nonpolar oils, previ-
us spectroscopic experimental characterizations and molecular
ynamics simulation results indicate that the hydrogen bond
etwork near the interface may provide adsorption sites for
ydroxide ions. However, (hydrated) hydrogen ions are likely to
e closer to the Gibbs interface at the nonpolar oil–w ater interface
han hydroxide ions [ 53–55 ]. This seemingly contradictory result
an be explained using a triple-layer model as illustrated in
igure 5a . In fact, numerous electrophoresis experiments on
nert hydrophobic phases and the two-phase streaming potential
xperiments from the previous chapter both demonstrate that the
ontribution of hydroxide ions to the effective interfacial charge,
hich determines electrokinetic transport, is greater. This results
n a negative 𝜁 potential at the nonpolar oil–w ater interface. To
rovide a quantitative modeling of the charging mechanism of
onpolar oils, a more straightforward and concise triple-layer
odel is adopted here, in contrast to the previous quadruple-
ayer model and surface conductivity correction model. It should
e noted that, to highlight the differences from other exist-
lectrophoresis, 2026
ing charging models, the large viscosity ratio assumption is
applied when obtaining the interfacial 𝜁 potential from droplet
electrophoretic mobility, under which the aforementioned elec-
trophoretic analytical solution reduces to the Smoluchowski
formula. The experimental measurements of the interfacial 𝜁
potential for the corresponding different nonpolar phases under
varying pH conditions can be then obtained, as shown in Figure 5 .

The mathematical description of the electrical triple-layer (ETL)
model and the verification of the solution algorithm can be found
in Appendix B . Here, the focus is on comparing model parameters
and elucidating the core physical picture. In the model presented
in this paper, the saturation adsorption density of hydroxide ions
at the interface is Γ𝑂𝐻− ,max = 1∕17 nm 

− 2 , primarily referencing
the work of Marinova et al. [ 4 ]; other parameters involved are
fitting parameters for the interfacial capacitance, with values of
𝐶1 = 3 . 098 F∕m− 2 and 𝐶2 = 2 . 25 F∕m− 2 . Table 1 compares the
interfacial reaction equilibrium parameters of different theoret-
ical models, noting that the work of Lützenkirchen et al. [ 58 ],
which employs a more complex quadruple-layer model, is not
listed due to a lack of comparability. As shown in Figure 5b , the
results indicate that the simple model selected for this study can
provide a more accurate description of the charging at nonpolar
oil interfaces, which mainly stems from the inaccurate selection
of the saturation adsorption density parameter for hydroxide ions
in previous models. 

To more clearly understand the physical significance of the afore-
mentioned saturation adsorption density results for hydroxide
ions, one can express the corresponding Stern-type adsorption
13
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FIGURE 5 (a) Physical illustration and (b) model validation of surface charging in nonpolar oils. The inert hydrophobic phases used in previous 
droplet (or bubble) electrophoresis experiments, listed from top to bottom, include nonane ( C9 H20 ), decane ( C10 H22 ), dodecane ( C12 H26 ), tridecane 
( C13 H28 ), tetradecane ( C14 H30 ), octadecane ( C18 H38 ) (all the aforementioned data are from the same reference [ 39 ]), tridecane ( C13 H28 ) [ 56 ], hexacosanol 
( C26 H53 OH ) [ 57 ], and nitrogen [ 40 ]. The supporting ions in the experiments were derived from 1:1 electrolytes such as NaCl or KCl; the data for nitrogen 
were measured in the absence of supporting electrolyte ions, while the rest were measured at a supporting electrolyte ion concentration of 1mM . 
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sotherm [ 4 ] as follows: 

Γ
> S- OH− 

Γ
> S- OH− ,max 

=
𝑥∞
OH− exp 

(
−Δ𝑔a + 𝑧OH− 𝑒𝜑s 

𝑘B 𝑇 

)
1 + 𝑥∞

OH− exp 
(
−Δ𝑔a + 𝑧OH− 𝑒𝜑s 

𝑘B 𝑇 

) , (133)

here Δ𝑔a represents the effective adsorption-free energy of
ydroxide ions at the interface. Simultaneously, in the absence of
igh-valent cations, the effective interfacial adsorption reaction
atisfied by hydroxide ions can be phenomenologically written as

> 𝑆 + 𝑂𝐻− ↔> 𝑆- 𝑂𝐻− , (134)

ith the chemical equilibrium constant taking the form 

𝐾eq =
Γ
> 𝑆- 𝑂𝐻− 

Γ
> 𝑆 

1 

𝑐∞𝑂𝐻− exp ( − 𝑧𝑂𝐻− 𝑒𝜑𝑠 ∕𝑘B 𝑇) 
. (135)

his constant can be related both to the effective adsorption-free
nergy Δ𝑔a in the adsorption isotherm 

𝐾eq 𝑐∞𝑂𝐻− = 𝑥∞
𝑂𝐻− exp 

( 

Δ𝑔a 
𝑘B 𝑇 

) 

, (136)

nd to the equilibrium constant 𝐾1 of this model through the ion
roduct of water 𝐾w = 𝑐∞

𝐻+ 𝑐
∞
𝑂𝐻− 

𝐾w = 𝐾1 𝐾
eq . (137)
4

This implies that the 𝐾1 value obtained from the model fitting
can be used to deduce that Δ𝑔a is approximately on the order of
− 25 𝑘B 𝑇. Quantitative estimates of intermolecular forces indicate
that the binding energy of a single hydroxide ion correspond-
ing to hydrogen bonds is also approximately on the order of
− 10 kB 𝑇 ⋅ 2 ≃ − 20 𝑘B 𝑇 [ 61 ], which aligns with the aforementioned
hydrogen bond network formation mechanism for hydroxide
ion adsorption. 

Finally, a brief discussion is provided regarding the assump-
tion of a large viscosity ratio between the droplet and the
surrounding solution adopted in the above process. It can be
readily observed that when considering a finite viscosity ratio
between the droplet and the solution, the same experimentally
measured electrophoretic mobility  ∕ would correspond to
a higher interfacial 𝜁 potential. From a qualitative perspective,
for nonpolar phases with different viscosities (as shown in
Figure 3 ), the maximum value and its position of the perturba-
tive solution for droplet electrophoretic mobility increase with
viscosity (Figure 4 ). This qualitatively agrees with the experi-
mental results [ 4 ], where the electrophoretic mobility of droplets
exhibited a positive correlation with droplet viscosity under
identical solution conditions. However, in Figure 5b , the pH-
dependent electrophoretic mobility curves reported by Stachurski
et al. showed almost no dependence on droplet viscosity. This
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iscrepancy may reflect the possible influence of surfactant
mpurities introduced during emulsion preparation. In fact, it has
een systematically discussed early on the importance of special
urification procedures to remove impurities [ 4 ], whereas earlier
tudies did not mention such treatments [ 39, 56 ], suggesting that
esidual surfactant impurities in their systems might have masked
he intrinsic effect of droplet viscosity. 

rom a quantitative standpoint, the maximum electrophoretic
obility measured in Marinova et al.’s experiments roughly
anged between 3.5 and 4. However, given that the viscosity ratios
f their nonpolar phases varied from 0.5 to 5, the perturbative
olution predicts mobilities only between 1 and 3. This discrep-
ncy may arise from limitations in either the theoretical modeling
r its solution procedure. The former includes neglected effects
uch as droplet deformation from spherical shape, interfacial
dsorption kinetics, and tangential ion mobility at the interface
 6, 34 ], while the latter involves approximations like the omission
f surface conduction under finite diffuse layer thickness and
he higher-order concentration field approximation for ion flux
ntegration. Recently, Hill’s work explored the role of finite ion
dsorption kinetics and found that if interfacial charges are par-
ially immobilized, the mobility curve versus 𝜁 can be altered (e.g.,
liminating the nonmonotonic peak) [ 34 ]. The model presented
n our work assumes instantaneous equilibrium and fully mobile
harges, effectively the limit of infinite interfacial charge diffu-
ivity. It is indicated by Hill that including finite charge transfer
r immobilization could potentially reduce the peak mobility and
xplain why some experiments show a more monotonic behavior
 4 ]. To further verify the theoretical model and verify the solution
ethod, future work should involve numerical solutions based
n more comprehensive macroscopic models. 

 Conclusions and Perspectives 

roplet electrophoresis is one of the most commonly used
ethods for measuring the charge at nonpolar oil–w ater inter-
aces. However, there is still a lack of analytical solutions that
onsider the ion concentration polarization mechanism under
igh charge conditions. The main challenges lie in the nonlinear
haracteristics caused by multiphysical coupled transport near
he interface and the complexity of solving the problem due to
he finite viscosity ratio and dielectric constant ratio of dielec-
ric droplets. In this study, the matched asymptotic expansion
ethod (including the corresponding heuristic treatment) is
mployed to derive an analytical solution for dielectric droplet
lectrophoresis, which is applicable to scenarios with high surface
harge and moderate external electric fields. By introducing effec-
ive interfacial conditions such as concentration flux boundary,
elocity slip boundary, and tangential stress matching condi-
ions, the ion concentration polarization effect, permittivity-
nduced charge effect, and their coupling mechanism can be
ffectively captured. 

nder low surface potential limit, the analytical solution can be
xplicitly obtained, which reduces to the Smoluchowski solution
or solid particle electrophoresis in the limit of large viscosity
atio, and to the Booth solution in the limit of small dielectric
onstant ratio. Under weak external electric field limit, the
onmonotonic dependence of the electrophoretic mobility of
lectrophoresis, 2026
dielectric droplets on the surface 𝜁 potential is captured for the
first time in a closed form of an analytical solution, which is
also a typical result of ion concentration polarization. As an
application of the analytical solution under high viscosity ratio
conditions, quantitative modeling of the adsorption charging
mechanism of nonpolar oil is conducted based on previous
experimental measurements of droplet electrophoresis. Com-
pared to previous models, the model proposed in this study
exhibits better agreement with experimental data over a wider
pH range, while offering clearer physical insights and a more
concise formulation. 

To facilitate future research, numerical solutions of both the full
nonlinear macroscopic model and the coarse-grained effective
model are strongly recommended. These solutions are essential
to verify the asymptotic results and to investigate nonlinear
electrophoresis in dielectric droplets. Key numerical challenges
include the high computational cost arising from scale disparities
at soft interfaces and the issues of numerical stability caused by
strong multiphysics coupling. In addition, the framework of the
current model could be valuable for studying the electrokinetic
and electrohydrodynamic behaviors of deformable droplets with
complex compositions. Incorporating a finite viscosity ratio,
membrane interfaces, and polyelectrolyte ions would enable the
investigation of complex phenomena such as electrocoalescence
and droplet breakup. Furthermore, the influence of impurities
on the interfacial mechanical and electrical properties must be
elucidated through chemical physics, in order to understand
droplet electrophoresis in practical, nonidealized environments
beyond pristine laboratory settings. 
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ppendix A: Derivations of Equations ( 82 ), ( 84 ), ( 85 ), and ( 89 ) 

.1 Derivation of Equation ( 82 ) 

o do the integral of Equation ( 82 ), we first rewrite it into 

𝜕2 𝑉1 

𝜕𝑍2 
=

𝜕𝑃− 1 
𝜕𝜃

−
𝜕2 Φ1 

𝜕𝑍2 

𝜕𝜑0 
𝜕𝜃

− 2

( 

𝜕𝑉0 

𝜕𝑍 
+ 𝜕Ψ

𝜕𝑍 

𝜕𝜑0 
𝜕𝜃

) 

− 𝜕Ψ2 

𝜕𝑍2 

( 

𝜕Φ1 

𝜕𝜃
− 𝑍

𝜕𝜑0 
𝜕𝜃

) 

. (A1)

ere, the tangential pressure gradient is 

𝜕𝑃− 1 
𝜕𝜃

= 2
𝜕Ψ

𝜕𝑍 

𝜕Ψ

𝜕𝜃
+ 𝜕Ψ

𝜕𝑍 

𝜕2 Φ1 

𝜕 𝑍𝜕 𝜃
+
𝜕Φ1 

𝜕𝑍 

𝜕2 Ψ

𝜕 𝑍𝜕 𝜃
. (A2)
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Taking advantage of the explicit expression of Ψ, it is easy to find 

𝜕Ψ

𝜕𝑍 

𝜕Ψ

𝜕𝜃
= 

( 

− 2 sinh 
Ψ

2 

) ( 

−
2 sinh (Ψ∕2) 

sinh 𝜁
 𝜉𝜀 Θ( 𝜃)

) 

≡ 4 sinh 
2 
Ψ∕2 

sinh 𝜁
 𝜉𝜀 Θ( 𝜃) . (A3)

Then, combining Equation ( 72 ), the original equation can be simplified
as 

𝜕2 𝑉1 

𝜕𝑍2 
= 2

𝜕Ψ

𝜕𝑍 

𝜕Ψ

𝜕𝜃
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𝜕 𝑍𝜕 𝜃

−
𝜕2 Φ1 
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𝜕𝜑0 
𝜕𝜃

− 𝜕Ψ2 
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( 

𝜕Φ1 

𝜕𝜃
− 𝑍

𝜕𝜑0 
𝜕𝜃

) 

. (A4)

By integrating the above equation term by term from 0 to ∞, the result
presented in the main text is obtained after simplification. In specific, the
left-hand side gives 

∫
∞

0 

𝜕2 𝑉1 

𝜕𝑍2 
𝑑𝑍 =

𝜕𝑣0 
𝜕𝑟 

−
𝜕𝑉1 

𝜕𝑍 

||||𝑍= 0 . (A5)

The first term on the right-hand side yields 

∫
∞

0 

2
𝜕Ψ

𝜕𝑍 

𝜕Ψ

𝜕𝜃
𝑑𝑍 = ∫

∞

0 

8 sinh 
2 
Ψ∕2 

sinh 𝜁
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tanh ( 𝜁∕4) 

cosh ( 𝜁∕2) 
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(A6)
The third term on the right-hand side yields 

∫
∞

0 

𝜕Φ1 
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sinh Ψ

sinh 𝜁
𝑑𝑍 , (A7)

the integral, which can be further transformed into ( 
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(A8)
Since 𝜕 Φ1 ∕𝜕 𝑍 takes the value of zero at 𝑍 = 0 and 𝑍 → ∞, noting that
Ψ( 𝑍′) ∼ 𝜁e − 𝑍′ is the fast decay function of 𝑍′, the evaluation of the above
integral is about zero. Similarly the integral of the fourth term on the right-
hand side is zero. The fifth term on the right-hand side gives 
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A.2 Derivation of Equations ( 84 ) and ( 85 ) 

Since the shear stress matching condition only depends on 𝜕 Φ1 ∕𝜕 𝜃, we
take the partial derivative of original governing equation on 𝜃, giving ( 

𝜕2 

𝜕𝑍2 
− cosh Ψ

) 

𝜕Φ1 

𝜕𝜃
= 

( 

𝜕𝑐1 
𝜕𝜃

−
2  𝜉𝜀 Θ( 𝜃) 

sinh 𝜁

) 

sinh Ψ −
𝜕𝜑1 
𝜕𝜃

cosh Ψ

+ [ 𝑐1 cosh Ψ + (Φ1 − 𝜑1 ) sinh Ψ] 
𝜕Ψ

𝜕𝜃
. 

(A10)
To obtain the approximate solution of this equation, it is required to
roughly consider the characteristics of operator 

(
𝜕2 ∕𝜕𝑍2 − cosh Ψ

)
. 

It is clearly seen that, since it contains only partial derivatives with respect
to the variable 𝑍, when applied to any function of the form 𝑓( 𝜃) , it
yields − 𝑓( 𝜃) cosh Ψ. For functions of the form 𝑔 ( 𝑧 ) ℎ (Ψ) , the action of the
17
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forementioned operator will result in ( 

𝜕2 

𝜕𝑍2 
− cosh Ψ

) 

sinh 
Ψ

2 
= 0 , 

( 

𝜕2 

𝜕𝑍2 
− cosh Ψ

) 

cosh 
Ψ

2 
= − cosh 

Ψ

2 
, 

( 

𝜕2 

𝜕𝑍2 
− cosh Ψ

) ( 

𝑍 sinh 
Ψ

2 

) 

= − sinh Ψ, 

( 

𝜕2 

𝜕𝑍2 
− cosh Ψ

) ( 

𝑍 cosh 
Ψ

2 

) 

= 1 − cosh Ψ − 𝑍 cosh 
Ψ

2 
. 

(A11)

hen, we could write down the general form of the approximate solution
o the original equation 

𝜕Φ1 

𝜕𝜃
= 𝐴0 sinh 

Ψ

2 
−
( 

𝜕𝑐1 
𝜕𝜃

−
2  𝜉𝜀 Θ( 𝜃) 

sinh 𝜁

) 

𝑍 sinh 
Ψ

2 
+
𝜕𝜑1 
𝜕𝜃

, (A12)

here we have neglected the higher-order term  (  ) 𝑋1 ( 𝑋 = 𝑐, 𝜑, Φ) .
onsidering 𝜕 Φ1 ∕𝜕 𝑍 = 0 at 𝑍 = 0 , we have 

𝜕 

𝜕𝑍 

( 

𝜕𝜓 

𝜕𝜃

) 

= 𝜕2 Ψ

𝜕 𝑍𝜕 𝜃
= 𝜕 

𝜕𝜃

( 

𝜕𝜓 

𝜕𝑍 

) 

= 0 , (A13)

iving the following parameters: 

𝐴0 = − 1 

cosh ( 𝜁∕2) 

( 

𝜕𝑐1 
𝜕𝜃

−
2  𝜉𝜀 Θ( 𝜃) 

sinh 𝜁

) 

(A14)

ubstituting which into the approximate solution will give the result ( 84 )
n the main text. 

o calculate the integral in the shear stress matching condition ( 85 ),
oting that the outer variable 𝜑1 takes the constant value (same as 𝑟 → 1+ )
ithin the inner region, we have 

𝜕 

𝜕𝑍 

( 

𝜕𝜑1 
𝜕𝜃

) 

= 0 , (A15)

herefore, 

2∫
∞

0 

𝜕Ψ

𝜕𝑍 

𝜕2 Φ1 

𝜕 𝑍𝜕 𝜃
𝑑𝑍 ≡ 2 

( 

𝜕𝑐1 
𝜕𝜃

−
2  𝜉𝜀 Θ( 𝜃) 

sinh 𝜁

) 

⋅ ∫
∞

0 

𝜕Ψ

𝜕𝑍 

𝜕 

𝜕𝑍 

[ ( 

𝑍 + 1 

cosh ( 𝜁∕2) 

) 

sinh 
Ψ

2 

] 
𝑑𝑍 . 

(A16)
etting 𝐵0 = cosh ( 𝜁∕2) , the integral in the above equation can be
alculated as follows: 

𝐼 ≡ ∫
∞

0 

𝜕Ψ

𝜕𝑍 

𝜕 

𝜕𝑍 

[ 
( 𝑍 + 𝐵0 ) sinh 

Ψ

2 

] 
𝑑𝑍 

= ( 𝑍 + 𝐵0 ) sinh 
Ψ

2 

𝜕Ψ

𝜕𝑍 

||||
∞

0 

− ∫
∞

0 

( 𝑍 + 𝐵0 ) sinh 
Ψ

2 

𝜕2 Ψ

𝜕𝑍2 
𝑑𝑍 

≡ 𝐼1 + 𝐼2 , 

(A17)

here 

𝐼1 = − 2( 𝑍 + 𝐵0 ) sinh 
2 Ψ

2 

||||
∞

0 

= 2 𝐵0 sinh 
2 𝜁

2 
, (A18)

𝐼2 = −∫
∞

0 

( − 2)

[ 
𝜕 

𝜕𝑍 

( 

sinh 
Ψ

2 

) ] 
( 𝑍 + 𝐵0 ) sinh 

Ψ

2 
𝑑𝑍 

= ( 𝑍 + 𝐵0 ) sinh 
2 Ψ

2 

||||
∞

0 

− ∫
∞

0 

sinh 
2 Ψ

2 
𝑑𝑍 

= − 𝐵0 sinh 
2 𝜁

2 
+ 1 

2 ∫
∞

0 

sinh 
Ψ

2 

𝜕Ψ

𝜕𝑍 
𝑑𝑍 

= − 𝐵0 sinh 
2 𝜁

2 
+
( 

1 − cosh 
𝜁

2 

) 

, 

(A19)
8

𝐼 = 𝐼1 + 𝐼2 =
sinh 

2 
( 𝜁∕2) 

cosh ( 𝜁∕2) 
+
( 

1 − cosh 
𝜁

2 

) 

=
2 sinh 

2 
( 𝜁∕4) 

cosh ( 𝜁∕2) 
(A20)

substituting which into the original equation will give the result ( 85 ) in
the main text. 

A.3 Derivation of Equation ( 89 ) 

To calculate 𝐽1 ( 𝑍 → ∞) , it is required to use the balance of  (1) terms in
the advection–diffusion equation of salt concentration ( 24 ) 

𝜕𝐽1 
𝜕𝑍 

+ 1 

sin 𝜃

𝜕 

𝜕𝜃

(
sin 𝜃 ⋅ 𝑗𝜃, 0 

)
+  𝑈1 

𝜕𝐶0 
𝜕𝑍 

= 0 . (A21)

Here, the decomposition 𝒋 = 𝑗𝑟 𝒆𝑟 + 𝑗𝜃𝒆𝜃 has been conducted, and 𝐽1 is
the  ( 𝛿) term in 𝑗𝑟 . To give the explicit form of the above equation, we
need to calculate 

𝑗𝜃, 0 = − 𝑄0 
𝜕Φ0 

𝜕𝜃
= sinh Ψ Θ( 𝜃)

( 

1 − 𝜉𝜀 
2 sinh (Ψ∕2) 

sinh 𝜁

) 

, (A22)

where we have used the results in Equation ( 67 ). Therefore, the divergence
of tangential concentration flux is 

1 

sin 𝜃

𝜕 

𝜕𝜃

(
sin 𝜃 ⋅ 𝑗𝜃, 0 

)
= 3  sinh Ψcos 𝜃

( 

1 − 𝜉𝜀 
2 sinh (Ψ∕2) 

sinh 𝜁

) 

+  (  𝜉2 𝜀 ) . 

(A23)
Integrating from 0 to ∞ and utilizing the interface condition 𝐽1 ( 𝑍 = 0) =
0 , we obtain 

𝐽1 ( 𝑍 → ∞) = − 3  cos 𝜃 ∫
∞

0 

sinh Ψ

( 

1 − 𝜉𝜀 
2 sinh (Ψ∕2) 

sinh 𝜁

) 

𝑑𝑍 

− ∫
∞

0 

𝑈1 
𝜕𝐶0 
𝜕𝑍 

𝑑𝑍 . (A24)

Here, the contribution from higher-order terms  (  𝜉2 𝜀 ) has
been neglected. 

To calculate the second term on the right-hand side term, we rewrite 𝑑𝐶0 
as 𝑑( 𝐶0 − 1) and do the integration by parts, yielding 

∫
∞

0 

𝑈1 
𝜕𝐶0 
𝜕𝑍 

𝑑𝑍 = 𝑈1 ( 𝐶0 − 1)|∞0 − ∫
∞

0 

( 𝐶0 − 1)
𝜕𝑈1 

𝜕𝑍 
𝑑𝑍 . (A25)

Here, the first term on the right-hand side is zero since 𝑈1 ( 𝑍 = 0) = 0 and
𝐶0 ( 𝑍 → ∞) = 1 . From the  (1) terms in continuity equation ( 21 ), it is easy
to find 

𝜕𝑈1 

𝜕𝑍 
= − 1 

sin 𝜃

𝜕 

𝜕𝜃
( 𝑉0 sin 𝜃) . (A26)

Then, the second term on the right-hand side can be further calculated as

− ∫
∞

0 

( 𝐶0 − 1)

[ 
− 1 

sin 𝜃

𝜕 

𝜕𝜃
( 𝑉0 sin 𝜃) 

] 
𝑑𝑍 

= 

1 

sin 𝜃 ∫
∞

0 

(cosh Ψ − 1)
𝜕 

𝜕𝜃
( 𝑉0 sin 𝜃) 𝑑𝑍 

= 

1 

sin 𝜃

𝑑 

𝑑𝜃
( 𝑣0 sin 𝜃) ∫

∞

0 

( cosh Ψ − 1) 𝑑𝑍 

− 3  cos 𝜃 ∫
∞

0 

( cosh Ψ − 1) 

[ 

Ψ − 𝜉𝜀 
4 sinh 

2 
(Ψ∕4) 

sinh 𝜁

] 

𝑑𝑍 

+  ( 2 ) , 

(A27)

where we have used the velocity matching condition ( 74 ). 

To obtain the final form of 𝐽1 ( 𝑍 → ∞) , it is also required to calculate the
following integrals: 

∫
∞

0 

sinh Ψ𝑑𝑍 = 2 sinh 
𝜁

2 
, (A28)
Electrophoresis, 2026
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∫
∞

0 

sinh Ψsinh 
Ψ

2 
𝑑𝑍 = sinh 

2 𝜁

2 
, (A29)

∫
∞

0 

( cosh Ψ − 1) 𝑑𝑍 = 4 sinh 
2 𝜁

4 
, (A30)

∫
∞

0 

Ψ( cosh Ψ − 1) 𝑑𝑍 = 2

( 

𝜁 cosh 
𝜁

2 
− 2 sinh 

𝜁

2 

) 

, (A31)

∫
∞

0 

( cosh Ψ − 1) sinh 
2 Ψ

4 
𝑑𝑍 = 1 

4 
cosh 𝜁 − cosh 

𝜁

2 
+ 3 

4 
(A32)

ubstituting which into the original equation will give the result ( 89 ) in
he main text, where the contribution from higher-order terms  ( 2 ) has
een neglected. 

ppendix B: Verification of Numerical Solver for ETL Model 

ere, the silica-brine surface is selected to conduct the verification of
he solving algorithm for the triple-layer model and to compare it with
xperimental data [ 62 ]. The focus is on validating the method for solving
he 𝜁 potential and the effective surface charge density 𝜎𝑠 = − 𝜎𝑑 of the
ndependent double layer under given solution chemical environment
arameters (pH, ion concentration 𝑐∞

𝑖 
). 

or this charged surface system, the chemical reactions involving 𝐻− ions
t the 0-plane are 

> SiOH 

+ 
2 ↔ > SiOH + H+ , (B1)

> SiOH ↔ > SiO 

− + H+ , (B2)

nd the chemical reaction involving M+ ions at the 𝛽-plane is 

> SiO 

− + M+ ↔ > SiOM , (B3)

ith the corresponding surface reaction equilibrium constants set as
g 𝐾1 = 11 . 71 , lg 𝐾2 = − 6 . 73 , and lg 𝐾M 

= − 0 . 25 , respectively. The total
umber of silanol groups at the interface remains constant, giving 

Γ0 = ΓSiOH + ΓSiO − + ΓSiOH + 2 
+ ΓSiOM 

, (B4)

here Γ0 = 5 nm− 2 . The charge densities at the 0-plane and 𝛽-plane,
long with the surface densities of the surface groups ( nm 

− 2 ), yield 

𝜎0 = 𝑒(ΓSiOH + 2 
− ΓSiO − − ΓSiOM 

) , (B5)

𝜎𝛽 = 𝑒ΓSiOM 

. (B6)

he remaining equations are general electrostatic equations in form of
lanar capacitors, with the relevant capacitance parameters being 𝐶1 =
 . 07 F∕m2 and 𝐶2 = 0 . 2 F∕m2 . 

o provide the solution for the aforementioned system, the potentials
f each layer 𝜑𝑖 ( 𝑖 = 0 , 𝛽, 𝑑) and the surface densities of each surface
roup Γ𝑖 ( 𝑖 = + , 𝐻, − , 𝑀 ) are selected as the variables to be solved. The
quations are first nondimensionalized and then solved using Newton’s
ethod. Specifically, the potentials of each layer are nondimensionalized
sing the thermal potential 𝑘B 𝑇∕𝑒 to Φ𝑖 , the surface densities of the
urface groups are nondimensionalized using Γ0 to Γ̂𝑖 , the surface capac-
tances 𝐶𝑖 ( 𝑖 = 1 , 2 ) are nondimensionalized using 𝑒

√
8 𝜀w 𝑘B 𝑇𝑛∞∕𝑘B 𝑇
lectrophoresis, 2026
to 𝐶̂𝑖 , and the reaction equilibrium constants 𝐾𝑖 ( 𝑖 = 1 , 2 , M ) are nondi-
mensionalized using 𝑐∞

𝐻+ , 𝑐∞𝐻+ , and 1∕ 𝑐∞𝑀+ to 𝐾̂𝑖 , respectively. Thus, the
nondimensionalized system of equations can be written as 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

𝑓1 = Φ0 − Φ𝛽 −
(
Γ̂+ − Γ̂− − Γ̂M 

) Γ̂0 
𝐶̂1 

= 0 , 

𝑓2 = Φ𝛽 − Φ𝑑 − sinh 

( 

Φ𝑑 

2 

) 

1 

𝐶̂2 
= 0 , 

𝑓3 =
(
Γ̂+ − Γ̂− 

)
Γ̂0 − sinh 

( 

Φ𝑑 

2 

) 

= 0 , 

𝑓4 = Γ̂H ∕𝐾1 − Γ̂+ 𝑒
Φ0 = 0 , 

𝑓5 = Γ̂− ∕𝐾2 − Γ̂H 𝑒
Φ0 = 0 , 

𝑓6 = Γ̂M 

∕𝐾̂M 

− Γ̂− 𝑒
− Φ𝛽 = 0 , 

𝑓7 = Γ̂H + Γ̂− + Γ̂+ + Γ̂M 

− 1 = 0 . 

(B7)

Denoting 𝒙 =
(
Φ0 , Φ𝛽, Φ𝑑 , Γ̂+ , Γ̂H , Γ̂− , Γ̂M 

)𝑇 
, the equation set above can

be written into a compact form 

𝒇 ( 𝒙 ) = 0 . (B8)

Selecting a proper initial value 𝒙0 for 𝒙 , the multivariable nonlinear
equations can be solved using the Newton’s method 

𝒙𝑛+ 1 = 𝒙𝑛 − 𝑱− 1 𝑛 ⋅ 𝒇 ( 𝒙𝑛 ) ⇒ lim 

𝑛→∞
𝒇 ( 𝒙𝑛 ) = 0 . (B9)

Here, the specific form of Jacobian matrix is written as 
19
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FIGURE B1 Algorithm validation and experimental comparison of the silica-brine surface charging mechanism model, corresponding to (a) the 
interfacial 𝜁 potential and (b) the interfacial charge density 𝜎𝑠 as functions of pH. The line graphs represent the results obtained from the charging 
mechanism model of this study, the circular symbols denote the results from previous models [ 63 ], and the orange square symbols indicate experimental 
values [ 64 ]. 

𝑱
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̂
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 0 
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 ≡ 𝜕𝒇 

𝜕𝒙 
=

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

1 − 1 0 −Γ̂0 ∕𝐶̂1 0 Γ̂0 ∕

0 1 − 1 − 1 

2𝐶̂2 
cosh 

Φ𝑑 

2 
0 0 0

0 0 − 1 

2 
cosh 

Φ𝑑 

2 
Γ̂0 0 −Γ

−Γ̂+ 𝑒Φ0 0 0 − 𝑒Φ0 1∕𝐾̂1 0

−Γ̂H 𝑒Φ0 0 0 0 − 𝑒Φ0 1∕

0 Γ̂− 𝑒
− Φ𝛽 0 0 0 − 𝑒−

0 0 0 1 1 1
(B10)

he corresponding calculation results are shown in Figure B1 , demon-
trating good agreement with the theoretical solutions of previous
odels and experimental values, thereby verifying the correctness of the
olving procedure. 
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